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AHHOTai];HH 



B 1999 rofly Ah. MynHHK flOKa3aji cjieflyiomyio Teopeiviy: ,n;jia jhoSmx flBOHHHbix cjiob Ati B 
Hafifl^Tca TaKoe cjiobo X fljiHHbi npniviepHO K(A\B), hto K(X\A) ~0h K(A\B, X) ps 0. X 
BbiSnpajica KaK o6pa3 A no^, ^encTBHeM xeni-cpyHKipiH, BbiSpaHHOH H3 HeKOToporo HeSojib- 
nioro Kjiacca (pyHKHPiii. CymecTBOBaHne Kjiacca c HyjKHbiMH CBOHCTBaMH ycTaHaBjiHBajiocb 
BepoflTHOCTHbiM MeTO^OM. Ah. My^HHK nocTaBHji Bonpoc: moxho jih nocTpoHTb TaKoe ce- 
MeiicTBO xeni-(pyHKii;HH, htoSm xeni-3HaHeHHe Bbiancjiajiocb nojiHHOMHajibHbiM ajiropiiTMOM 
no cjiOBy A h HOMepy (pyHKinin? B paSoTe noKa3aHO, hto otbct Ha stot Bonpoc nojiojKH- 
TejibHbiH, ecjiH HeMHoro ocjiaSnTb (popMyjinpoBKy hcxo^hoh TeopeMbi. A hmchho, b KanecTBe 

CGMeHCTBa XeHI-(pyHKHHH Ha^O B3aTb SKCTpaKTOp. 

C^KCTpaKTOpOM Ha3bIBaeTCa (pyHKipia Ext: {0, 1}™ x {0, If -> {0, 1}" , Taxaa *ito ^Jia 
jnoSoro pacnpe^ejieHHa BepoaTHOCTeii Ha {0, 1}™ c Sojibihoh MHHHMajibHoii SHTponneH h 
paBHOMepHoro pacnpeflejieHna Ha {0, l} d HH,nyHHpoBaHHoe pacnpe^ejieHne Ha {0, l} m 6jih3- 
ko k paBHOMepHOMy. IloHaTHe SKCTpaKTopa noaBHJiocb b Haaajie 1990-x to^ob h HaniJio mho- 
ro npHjio>KeHHH b pa3JiH*mbix oSjiacTax TeopHH cjiojkhocth. B jiHTepaType onncaHbi pa3- 
jiHHHbie KOHCTpyKH,HH SKCTpaKTopoB, o63op HeKOTopbix H3 hhx ^aH b HacToameii paSoTe. 
5lBHoe nocTpoeHne SKCTpaKTopa c onTHMajibHbiMH napaivieTpaMH, cymecTBOBaHne KOToporo 
ycTaHOBJieHO BepoaTHOCTHbiM MeTOflOM, aBJiaeTca OTKpbiToii npo6jieMoii. 

IlpHMeHeHHe SKCTpaKTopoB He tojibko OTBenaeT Ha Bonpoc, nocTaBJieHHbiii Ah. MyaHHKOM, 
ho h aBJiaeTca HHCTpyMeHTOM ^jia ^OKa3aTejibCTBa aHajiorn^Hbix TeopeM ^jia KOJiMoropoB- 
ckoh cjio>khocth c orpaHH^eHHeM Ha pecypcbi. B HacToameii paSoTe npHBe^eHbi nepBbie pe- 
3yjibTaTbi, nojiyneHHbie b stom HanpaBjieHHH: TeopeMa ,a,Jia cjiojkhocth c nojiHHOMHajibHbiM 
orpaHHneHHeM Ha naiviaTb h Teopeivia ^Jia cjiojkhocth c nojiHHOMHajibHbiM orpaHHaeHHeM Ha 
Bpeivia, r^e ^Jia ^eKO^HpoBaHHa ncnojib3yeTca ajiropHTM H3 Kjiacca AM. 



1. BBe^eHne 



B 3tom pa3/j;ejie jjaHa MOTHBiipoBKa ochobhmx noHaTHii Teopnn SKCTpaKropoB h KpaTKO 
onncaHbi nojiyneHHbie pe3yjibTaTbi 06 ycjiOBHOM KOJTiipoBaHHH. Bee CTporiie onpeflejieHna h 
cpopMyjinpoBKH SyzryT TaKJKe jjaHM b nocjie/xyioiHHx pa3jj;ejiax. 

1.1. IIoHaTHe 3KCTpaKTopa 

PenieHne mhoitix 3ajjaH b KpnnTorpacpHH h jjpyrnx oSjiacTax Teopnn ajiropnTMOB 3Ha- 
HHTejiBHO ynpomaeTca 3a chh,t HcnojiB30BaHHa b ajiropiiTMax cjiynanHbix 6htob. IIpH stom 

6hTM flOJIiKHbl 6bITb «^,eHCTBHTejIBHO CJiyHaHHMMH» , TO eCTb He3aBHCHMbIMH H npHHHMaiO- 

ihhmh 3HaneHHa h 1 c BepoaTHOCTaMH 1/2. O^HaKO b npnpo^e Taxne H^eajiBHbie paenpe- 
/xejieHHa npaKTHnecKH He BCTpenaiOTca. Hanpniviep, ecjin mm coopyuriM npiiSop, perncTpn- 
pyiomiiH cjiynaimbie aBJieHna, B03HHKaioiHHe na KBaHTOBOM ypoBHe, anpnopn HHOTKyjja He 
cjie^yeT He3aBHCHMOCTb 6htob, KOTopbie oh 6yzi,eT BM^aBaTb. TeM He MeHee, xoneTca yivieTb 
npHMeHaTb BepoaTHOCTHbie ajiropnTMbi, HMea b pacnopa>KeHHH tojibko Taxne «KBa3HCJiy- 
HaiiHbie» 6htm. Bo3HHKaeT Bonpoc: HejiB3a jih ajiropHTMnnecKH «H3BjieHb cjiynaHHOCTb» H3 
«KBa3HCJiyHaiiHoro» pacnpeflejieHna h nojiyHHTb TaKHM o6pa30M HeKOTopoe MeHbinee hhcjio 
«^eHCTBHTejibHO cjiyHaiiHbix» hjih xoth 6m «noHTH cjiyHanHbix» 6htob? HtoSm OTBeTHTb 
Ha 3tot Bonpoc, Hy>KHO CHanajia cpopMajiH30BaTb noHaTne «KBa3HCJiyHaHHOCTH». HanSojiee 
ecTecTBeHHMM npe^CTaBjiaeTca cjie^yiomee onpe^ejieHne: 6ya,eM tobophtb, hto pacnpe^ejie- 
Hne «co^,ep>KHT k cjiynanHbix 6htob», ecjin ero MUHUMajibHan anmponuH He MeHbHie k, t. e. 
BepoHTHOCTb jiioSoro sjieivieHTa He npeBbiniaeT 2~ k . 

IlycTb jjaHO pacnpeflejieHne Ha {0, l} n c MHHHMajibHOH SHTponneii n — 1. Mo>KeM jih 

Mbl fleTepMHHHpOBaHHbIM ajirOpHTMOM H3BJieHb XOT3 6bl OJTHH «Jj;eHCTBHTejIbHO CJiyHaiiHbIH» 

6ht? OneBH^HO, hct! Be,a,b xoTa 6m ,zijia o^Horo 6nTa b £ {0, 1} npoo6pa3 b SyijeT co,a,ep>KaTb 
Sojibine 2 n_1 cjiob, h ecjin mm bo3bmh,m paBHOMepHoe pacnpe^ejieHne Ha stom npoo6pa3e, 
to ajiropHTM 3aBejj;oMO BM/iacT b, h HHKaKoii cjiynaimocTH He 6yn;eT. 

IIosTOMy HaM Hy>KHO ocjiaSnTb TpeSoBamie. A HMeHHO, no3BOJiHM HanieMy «H3BJieKaio- 
meMy cjiyHaiiHOCTb» ajiropnTMy Hcnojib30BaTb HeKOTopoe HeSojibinoe hhcjio d («jj;eHCTBH- 
TejiBHO») cjiynanHbix 6htob. KpoMe Toro, ocjiaSnM TpeSoBaHne k Bbixo^y ajiropHTMa: 6ya,eM 

TpeSOBaTb TOJIBKO, HToSbl «H3BJieHH,HHbie» 6hTM 6bIJIH «nOHTH CJiyHaHHMMH», TO eCTb hto6m 

BepoaTHOCTb jiioSoro MHoacecTBa cjiob OTjinnajiacb ot ero ^ojih He SojiBine, neM Ha KaKoe- 
to MajieHbKoe hhcjio e. TaKne ocjiaSjieHHbie TpeSoBaHHa npHBO/iaT Hac k KJiaccHnecKOMy 
onpejj;ejieHHio SKCTpaKTopa: 

Onpe^ejieHne 1.1. cDyHKirna Ext: {0, l} n x {0, l} d — > {0, l} m Ha3MBaeTca (k, e)-3kc- 
TaKTopoM, ecjin fljia jnoSoro pacnpe^ejieHna X Ha {0, 1}™ c MHHHMajiBHoii SHTponHeii He 
MeHBHie k h paBHOMepHoro pacnpe^ejieHna U Ha {0, l} d HH^ryinipoBaHHoe pacnpe^ejieHne 
Ext(X, U) £-6jih3ko k paBHOMepHOMy Ha {0, l} m . 

B HeKOTopbix npHjio>KeHHax He Hy>KHO, hto6m HHflyH,HpoBaHHoe pacnpe^ejieHHe 6mjio 
6jih3ko k paBHOMepHOMy, a Hy>KHO jihhib, hto6m noHTH Bee sjieMeHTM b o6pa3e HMejin HeHy- 
jieByio BepoaTHOCTb. B TaKOM cjiynae cpyHKii;Hio Ha3MBaiOT ducnepcepoM. MacTO SKCTpaK- 
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Topbi h ancnepcepbi paccMaTpHBaiOT He KaK (pyHKiran, a KaK aByapabHbie rpacpbi: aeBaa 
apaa OToacaecTBjiaeTca c {0, 1}™, npaBaa — c {0, l} m , a MHO>KecTBO p^,6ep, BbixoaanjHx H3 
cpHKcnpoBaHHOH BepniHHbi jieBOH apjin, — c {0, 1} . Bojiee noapo6HO noHaTHe ancnepcepa 
ii SKBHBajieHTHOCTb cpyHKHiift h rpacpOB paccMOTpeHbi b pa3aeae I2.2L 

OaHaKO BCTaaT Bonpoc: hto mm MoaceM noayanTb ot TaKoro onpeaeaeHna? Beat. HaM bch, 
paBHO Hy>KHbi «fleiicTBiiTejibHO cayaaimbie* 6htm, nycTb h b MeHbnieM KOJinaecTBe. BbiacHa- 

eTCH, HTO CyiH,eCTByiOT 3KCTpaKTOpbI, ajia KOTOpblX d = O(logn), H STOrO BnOJIHe aOCTaTOHHO 

aaa HeKOTopbix npnaoateHHH. riycTb, HanpiiMep, mm xothm ciiMyjinpoBaTb HeKOTopbiii aji- 
ropiiTM A G BPP, iicnojib3yioni;iiH m cjiyaanHbix 6htob, npii noMoara n «KBa3HcayaaHHbix 
6htob» h SKCTpaKTopa c noaxoaaiaHMH napaMeTpaMH. MoacHO noKa3aTb, hto c bmcokoh 
BepoaTHOCTbio aaa SojibiniiHCTBa cjiob y G {0, l} d ajiropiiTM A, noayaHBaiHH bmccto cjiy- 
laiHbix 6htob 6htm, BbiaaHHbie SKCTpaKTopoM , BbiaacT npaBiijibHbiii otbct. A 3to 3HaanT, 
hto mm MO>KeM nepe6pamb Bee 2 d = poly(n) BapiiaHTOB cjiOBa y, aaa Kaatapro 113 hhx 3a- 
nycTHTb SKCTpaKTop, nepeaarb noayaeHHbie 6htm aaropHTMy A 11 Bbi6paTb HaiiSojiee aacTO 
BCTpeTHBiniiflca OTBeT. 

Mto6m Hcnojib30BaTb SKCTpaKTop aaa ciiMyjiauiiii ajiropiiTMOB, paSoTaioarax nojiHHO- 
MiiajibHoe BpeMa, Hya<HO htoSm caM SKCTpaKTop Mor 6biTb BbiancaeH 3a nojiHHOMaajibHoe 
BpeMa. BepoaTHOCTHMM MeToapM Moa<HO apKasaTb cymecTBOBaHne RJisi jiioSmx k < n 3kc- 
TpaKTopa c d = logn + 0(1) a m = k + d — 0(1). B CTaTbe [TT] apKa3aHO, hto sto on- 
THMajibHbie napaMeTpbi, to ecTb He MoaceT SbiTb SKCTpaKTopa c MeHbniHM d hjih SojibinaM 
k. OaHaKO hh oaHa H3 H3BecTHbix KOHCTpyKiraii He apcTHraeT 3thx napaMeTpoB. Bee ohh 
HMeiOT jih6o SojibHiee d, jih6o MeHbinee m, jih6o paSoTaiOT He aaa Bcex 3HaneHHH k. 

1.2. IIoHaTHe KOJiMoropoBCKoii cjioxchocth 

IlycTb A h B — npoH3BOJibHbie aBOHHHbie cjiOBa. Ycjiobhoh KOJiMoropoBCKoii caoacHO- 
CTbio K(A\B) cjiOBa A OTHOCTHTejibHO cjiOBa B Ha3MBaeTca MHHHMajibHaa aaHHa nporpaM- 
mm, nepeBoaanjeii B b A. KOJiMoropoBCKoii cjioaaiocTbio K(A) cjiOBa A Ha3MBaeTca K(A\A), 
rae A — nycToe cjiobo, t. e. aaHHa MHHHMajibHOH nporpaMMbi, nopoacaaiomeH cjiobo A. Ilpa 
3tom, pa3yMeeTca, KOJiMoropoBCKaa caoacHOCTb 3aBHCHT ot cnoco6a 3aaaHHH nporpaMM, oa,- 
HaKO pa3JiaaHbie ecTecTBeHHbie onpeaeaeHna aaiOT OTJiaaae caoacHOCTH He 6ojiee, aeM Ha 
O(logn), aaa cjiob aaHHM n. B (popMyanpoBKe ochobhoh TeopeMM mm npeHe6peraeM TaKHM 
pa3JiHHHeM, nosTOMy HaM He HyatHO yTOHHHTb onpeaeaeHne. 

TaKace paccMaTpHBaiOT KOJiMoropoBCKyio cjioatHOCTb c orpaHHaeHHeM Ha pecypcbi. Caoa<- 
HOCTbio C t,s (A\B) Ha3MBaeTca MHHHMajibHaa jj;jiHHa nporpaMMbi, nepeBoaaineH B b A h 
paGoTaioiHeH BpeMa t Ha 30He s. B 3tom cjiyaae cnocoS 3aaaHHH ya<e HMeeT 3HaaeHne, Sojiee 
Toro, HMeeT 3HaaeHne h Hcnojib3yeMaa Moaejib BbiaHcaeHHH. TaK, pa3JiHaaiOT caoa<;HOCTH C 
fljia aeTepMHHHpoBaHHbix aaropHTMOB, CN aaa Hejj,eTepMHHHpoBaHHbix, CBP jj,aa BepoaT- 
hocthmx h apyrae. Bee Heo6xojj,HMbie ToaHbie onpe^eaeHHa jj,aHM b pa3Jj,eae 18.11 
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1.3. YcjiOBHoe KOflapoBaHne h TeopeMa MynHHKa 

PaccMOTpHM TaKyio 3a^,any ajiropHTMnnecKoii Teopnn nepejjann HH(popMan,HH. IlycTb b 
TOHKe E H3BecTHO HeKOTopoe cjiobo A. ToHKy E coeflHHaeT c tohkoh D KaHaji orpaHnneH- 
hoh nponycKHofi cnoco6HOCTn k, nepe3 KOTopbift HyacHO nepejjaTb HeKOTopoe coo6meHHe X. 
B TOHKe D H3BecTHO HeKOTopoe jjpyroe cjiobo B, h HyjKHO no nepe/iaHHOMy cooSmeHnio 
X pacniH(ppoBaTb cjiobo A. Upm stom onepaniiH 3ainii(ppoBKH h pacnincppoBKH jj,oji>khm 
BbinojiHHTbCfl ajiropiiTMiinecKH. Bonpoc: npn KaKHx ycjiOBiiax Ha A h B Taxoe coo6meHHe 
X Hafiji^TCH? OneBH^Hoe Heo6xo/iHMoe ycjiOBne coctoht b tom, hto k ^ K(A\B). HeojKH- 
jj^aHHbiH pe3yjibTaT, ycTaHOBJieHHbin Ah. MynHHKOM b pa6oTe [6j coctoht b tom, hto 3to (c 
onpejj;ejiH;HHbiMH oroBopKaMn) h /xpCTaTOHHoe ycjiOBne. 3to KajKeTca y/iHBHTejibHbiM: Bejjb 
Ha 3Tane Ko^npoBaHHa mm enrr, He 3HaeM cjiOBa B, TeM He MeHee HaM noHTH He Hy>KHO 
^onojiHHTejibHOH HH(popMan,HH jijih ycjiOBHoro KOJj,HpoBaHHH A. A HM6HHO, BbinojiHeHa cjie- 
/ryiomaH 

TeopeMa 1.1 ([6j). Ffycmb A u B — deouuHue CAoea djiunu ne 6ojiee n. Tozda nau- 
d^mcH manoe caogo X Sauhu ne 6ojiee K(A\B) + O(logn), nmo K{X\A) ^ O(logra) u 
K(A\B, X) O(logn). 

3Ty TeopeMy mojkho ccpopMyjinpoBaTb h TaK: cpeijH Bcex nporpaMM, sajjaiomnx A npn 
H3BecTHOM B, Hanji,HTC5i npocTaa OTHOCHTejibHO A. 

Hden doKa3ameAbcmea. Hjxea JTpKa3aTejibCTBa coctoht b tom, hto6m paccMOTpeTb ceMefl- 

CTBO XeHI-(pyHKH,HH, COnOCTaBJIflK)Hl,HX CJIOBaM JJ,JIHHM n CJIOBa JJ,JIHHM m = K(A\B), H B3HTB 

b KanecTBe X o6pa3 A nojj, jxeiicTBHeM ojihoh h3 bthx (pyHKipiH. 3to ceMeiicTBO jxojdkho 06- 
jiajjaTb TeM cbohctbom, hto jijih Ka>K;j,oro cjiOBa A HaHjj,HTCH xein-cpyHKniiH, Taxaa hto no en, 
3HaneHnio X n cjiOBy B mojkho JierKO (t. e. c JiorapncpMnnecKHM hhcjiom JTpnojiHHTejibHOH 

HH(pOpMaii;HH) BOCCTaHOBHTb A. KpOMe TOrO, 3TO CeMeHCTBO flOJIJKHO 6bITb nOJIHHOMHajIb- 

Horo pa3Mepa, htoSm X mojkho Smjio 3a;jaTb HOMepoM cooTBeTCTByiomen (pyHKiniH. Cyme- 
CTBOBaHHe TaKHx ceMencTB xeni-cpyHKiniH ycTaHaBjiHBaeTca BepoflTHOCTHMM mcto^om. □ 

^OKjiaflMBan stot pe3yjibTaT Ha KojiMoropoBCKOM ceMHHape b Mockobckom yHHBepcn- 
TeTe b 1999 ro;jy, Ah. MynHHK nocTaBnji Bonpoc: bo3mo>kho jih nocTpoHTb noAUHOMUdAbHO 
euuucAUMoe ceMeiicTBO xeni-cpyHKniin c yKa3aHHMM cbohctbom, t. e. mojkho jih BbinncjiHTb 
xeni-3HaneHne no cjiOBy A n HOMepy (pyHKinin 3a nojinHOMnajibHoe BpeMH? HacTOHinaa pa- 
6oTa HacTHHHO OTBenaeT Ha stot Bonpoc: /ia, mojkho, ecjin b ycjiOBnn TeopeMbi 3aMeHHTb no- 
npaBKH O(logn) Ha polylog(n), npn 3tom CTeneHb jiorapn(pMa MOJKeT SbiTb cjj,ejiaHa paBHOH 
2 + e jj,jih jiio6oro e > 0. A HMeHHO, OKa3MBaeTca, hto BMecTO xeni-(pyHKn,HH, onpe^eji^H- 
hmx MynHHKOM, mojkho Hcnojib30BaTb 3KCTpaKTopbi. Ecjih 6yjj;yT nocTpoeHbi onTHMajibHbie 

SKCTpaKTOpbl , BMHHCJIHMbie 3a nOJIHHOMHajIbHOe BpeMH, TO 3TO Cpa3y Jj;aCT nOJIHMH OTBeT 

Ha Bonpoc MynHHKa. 

IlpHMeHeHHe SKCTpaKTopoB TaKJKe no3BOJifleT jj,OKa3aTb aHajiorHHHbra pe3yjibTaT jj,jih 
KOJj,HpoBaHHH c HecKOJibKHMH ycjiOBHHMH. KpoMe Toro, flaHHafl TexHHKa no3BOJiiieT nojiynaTb 
noxojKne TeopeMbi jjjih KOJiMoropoBCKoii cjiojkhocth c orpaHHneHHeM Ha pecypcbi. B pa6oTe 
npnBejj;eHbi nepBbie pe3yjibTaTM, nojiyneHHbie b btom HanpaBJieHnn: 
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TeopeMa 1.2. Haud^mcn manou hoauhom po = Po{n), nmo 3ah aw6o20 hoauhomcl p ^ Po 
HaudymcH hoauhom q u t, manue umo 3am aw6ux caog A u B Sauhu ne 6oAee n, maKux 
umo C co,p {A\B) ^ k, Handymen caogo X 3auhu ne 6oAee k + 0(l), manoe umo C t,q (X\A) ^ 
0(log 3 n) u C°°' q (A\B, X) ^ 0(log 3 n). 

TeopeMa 1.3. /^ah bchkozo hoauhomcl p naud^mcfi hoauhom q, manou umo 3ah npou360At- 
hux CAoe A u B 3auhu ne 6oAee n, maKux umo C P '°°(A\B) ^ k, uaud^mcsi caobo X 3auhu 
He6oAeek+0(log 3 n), maKoe umo C q >°°(X\A) <: 0(log 3 n) u CAM q '°°(A\B, X) ^ O(logn). 

Onpe^ejieHHH Hcnojib30BaHHbix cjiojKHOCTen ,a,aHbi b pa3^ejie 18.11 ,a,OKa3aTejibCTBa Teo- 
peM — b pa3^ejiax 18.41 h 18.51 

1.4. OpraHH3au;H5i flajibHeiiniero TeKCTa 

B pa3^ejie [2] ^aHbi onpe^ejieHna SKCTpaKTopa h ^OKa3aHbi npocTeHHine dpaKTbi. B pa3- 
aejie [3] BepoaTHOCTHbiM MeToapM apKa3aHO cymecTBOBaHne 3KCTpaKTopoB c onTHMajibHbiMH 
napaivieTpaMH. B pa3aejiax 0H7] c pa3Hoii CTeneHbio noapoSHOCTH npHBeaeHbi HeKOTopbie 

KOHCTpyKHHH nOJIHHOMHajIbHO BblHHCJIHMblX SKCTpaKTOpOB. B pa3aejie [8] npil nOMOIHH 3KC- 

TpaKTopoB ^OKa3aHbi TeopeMa MyaHHica h en, 3(p(peKTHBHbie BapnaHTbi. 

2. OcHOBHbie onpe^ejieHHa h noHama Teopira SKCTpaK- 

TOpOB 

2.1. MnHHMajibHaa 3HTponna h CTaTHCTHnecKoe paccToaHHe 

,Hjih Haaajia fla^HM aBa BcnoivioraTejibHbix onpeaeaeHHa. ByneM paccMaTpiiBaTb BepoaT- 
HOCTHbie pacnpeaejieHna Ha KOHeaHbix MHoacecTBax. BepoaTHOCTb sjieMeHTa a b paenpeae- 
jieHHH X 6yaeM o6o3HaaaTb KaK X(a), BepoaTHOCTb MHoacecTBa S — KaK X(S). 

Onpe^ejieHne 2.1. BiycTb aaHO BepoaTHOCTHoe pacnpeaeaeHne X Ha KOHeaHOM MHoace- 
CTBe A. Toraa ero MHHHMajibHOH SHTponneH Ha3biBaeTca BeanaHHa 

J ff 00 (X)=min(-log 2 (X(a))). 

TaKHM o6pa30M, ecjin H^X) > k, to Bee sjieivieHTbi MHoatecTBa A HMeiOT BepoaTHOCTH 
MeHbHie 2~ k . 

Onpe^ejieHne 2.2. IlycTb aaHbi BepoaTHOCTHbie pacnpeaeaeHHa X h Y Ha kohchhom mho- 
jKecTBe A. Toraa CTaTHCTnaecKHM paccTOHHHeM Meacay hhmh Ha3biBaeTca BejinanHa 

dist(X, Y) = l -\\X-Y\\ = l -Y, l X W " = S \ X ( S ) ~ Y ( S )\- 

ByaeM roBopHTb, hto pacnpeaeaeHne X £-6jih3ko k Y, ecjin dist(X, Y) ^ e, hhbimh 
cjiOBaMH, BepoaTHOCTH Kaacapro coSmthh no sthm pacnpeaeaeHHHM OTJinaaiOTCH He 6ojiee 
aeM Ha e. 
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2.2. 3KCTpaKTopbi h flHcnepcepti 

KaK y>Ke OTMeaajiocb, SKCTpaKTopbi h ^Hcnepcepbi moxho paccMaTpiiBaTb KaK dpyHKiiHH 
ii KaK ^ByflOJibHbie rpa(pbi. UpHBeflHM cpopiviajibHbie onpeflejieHna. 

IlycTb G — flBy^ojibHbiii rpacp (bo3mo>kho, c KpaTHbiMii peSpaivin) c N BepiniiHaMii b 
jieBoii flojie, M BepiniiHaMii b npaBoii ^ojie 11 CTeneHbio D KajKfloii BepniiiHbi H3 jieBoii 
flOJiH. 06o3HaHHM aepe3 [N] = {1, . . . , N} mhojkgctbo BepiniiH jieBoii flojin, aepe3 [M\ = 
{1, . . . , M} — npaBon, a aepe3 E mhojkgctbo pe6ep. 

IlycTb r(a) = {z G [M\ | (a, z) G E} — mhojkgctbo Bcex coce^eii BepniHHbi a H3 JieBoii 
flojin, T(A) = (J r(a) — MHOJKecTBO Bcex coce^eii noflMHOJKecTBa A JieBoii flojiii. 

Onpe^ejieHne 2.3. Fpacp G = ([N], [M], E) Ha3biBaeTca (K, e)-flncnepcepoM, earn \/A C 
[TV], |A| ^ X, \F(A)\ ^ (1 -e)M. 

3to onpeflejieHne oStacHaeT BbiSop Ha3BaHiia «flncnepcep»: Bee flocTaTOHHO Sojibiniie 
no^MHOJKecTBa jieBOH ^ojih HMeiOT b coce^ax noaTH Bee BepniiiHbi npaBoii ^ojih, t. e. rpacp 
«pacceiiBaeT» (aHrji. disperse - pacceiiBaTb) hx no npaBoii ^ojie. 

Onpe^ejieHne 2.4. rpacp G = ([N], [M], E) Ha3biBaeTca (K, e)-3KCTpaKTopoM, ecjiii WA C 
[N], \A\ > K, MB C [M] 

\E(A, B)\ \B\ 
\A\-D M 

r^e E(A, B) — mhojk6ctbo pe6ep, Hflymnx 113 MHCOKecTBa A b MHoacecTBO B b rpacpe G. 
HeTpyflHO 3aivieTiiTb, hto (K, e)-3KCTpaKTop TaKace aBJiaeTca (K, £)-aiicnepcepoM, flo- 

CTaTOHHO B33TB B = T(A). 

Tenepb ^aflUM onpe^ejieHiie SKCTpaKTopoB h ^iicnepcepoB b TepMimax (pyHKiiiiii. 06o- 
3HaanM {0, 1}' aepe3 (/), a paBHOMepHoe pacnpe^ejieHiie Ha stom MHoacecTBe aepe3 U\. 
By^eM paccMaTpiiBaTb (pyHKiiiiii F : (n) x (d) (to). 

Onpe^ejieirae 2.5. OyHKiiiia F : in) x (d) — > (to) Ha3biBaeTca (A;, e)-^,iicnepcepoM, ecjiii 
ajia Bcex BepoaTHOCTHbix pacnpeaejieHHii X Ha {0, 1}™ c H OQ (X) ^ k h MHoacecTB -B C 
{0, l} m , |£| ^ (1 -e)M 

Pr [F(X, I7 d ) E B] > 0. 

Onpe^ejieHne 2.6. <DyHKHiia F : (n) x (d) — > (to) Ha3biBaeTca (/c, e)-3KCTpaKTopoM, ecjin 
fljifl Bcex BepoaraocTHbix pacnpe^iejieHHH X Ha {0, 1}™ c H^X) ^ 

dist(F(X, U d ), U m ) < e. 

ilpn TaKOM onpeflejieHHH aceH cmmcji Ha3BaHna <OKCTpaKTop». OyHKi^na G «H3BJieKa- 
eT» (aHrji. extract - H3BJieKaTb) to «noaTH cjiynaiiHbix* 6htob h3 no^aHHbix eit Ha Bxofl 
n «KBa3HCJiyaaHHbix» 6htob npn noMOin;H d «fleiicTBHTejibHO cjiyaaHHbix» 6htob. 

SaivieTHM, hto ecjin (pyHKiina aBjiaeTca SKCTpaKTopoM, to jiioSoh en, npe(pHKC aBjiaeT- 
ca SKCTpaKTopoM c t6mh >Ke napaMeTpaMH k h e. O^HaKO b Teopeivie MyaHHKa nojie3HO, 
htoSbi npecpHKCbi aBJiajincb SKCTpaKTopaMH c jiyaniHMH napaivieTpaMH. ^a^Hivi cjieflyiomee 
dpopiviajibHoe onpe^ejieHne. 
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Onpe^ejieHne 2.7. 06o3HanHM nepe3 X\ q npecpHKC cjiOBa X ^jiHHbi q. cpyHKiniio F : (n) x 
(d) — >• (m) Ha30BH,M npecpiiKCHMM (A;, £)-3KCTpaKTopoi\Jl], ecjin ^jia Bcex i = 0, . . . , k cpyHK- 
nna F| m _j : (n) x (d) — » (m — z), onpe^eji^HHaa paBeHCTBOM F| m _j(w, = y))\ m -i, 
aBJiaeTca (k — z, e)-3KCTpaKTopoM. 

cDyHKiniH Ha cjiOBax h ^By^ojiBHbie rpacpbi onncaHHoro BH^a gctgctbghkbim o6pa30M 
cooTBGTCTByiOT ,a,pyr flpyry npn iV = 2 n , M = 2 m h D = 2 d . ileBaa ^ojih rpacpa oto>k- 
^ecTBjiaeTca co cjiOBaMii ^jihhbi n, npaBaa — co cjiOBaMii ^jihhbi m, a p^Spa, npoBe^HHbie 
H3 (pHKcnpoBaHHofi BepiiiHHbi jieBoft flojin, — co cjiOBaMH fljiHHbi d. Ilpn 3tom HyMepanna 
pn6ep npoH3BOJibHa, t. e. pa3HbiM cpyHKnnaM mojkct cooTBeTCTBOBaTb o,thh h tot me rpacp. 
,ZLia npecpiiKCHoro SKCTpaKTopa Toace mojkho h nojie3HO paccMOTpeTb cooTBeTCTByiomnn 
eiviy rpacp, ho oh He SyijeT hmstb ecTecTBeHHoro onpe,a,ejieHHa b TepMHHax rpa(pa, nocKOJib- 
Ky jno6oe Taxoe onpe^ejieHHe SyijeT 3aBnceTb ot HyMepanira BepniHH npaBOH ^ojih. Kpoivie 
Toro, b OTJinane ot oSbinHoro SKCTpaKTopa onpe^ejieHne npecpnKCHoro He o6o6ni;aeTca Ha 
N, M, D h K, He aBJiaiomneca CTeneHaMn ^bohkh. 

yTBep^K^emie 2.1. 06o3h<iuum spag), nocmpoeuHuu no diytiKnuu F, nepe3 Gp- Tosda 

(a) F HGAHemcH (k, e)-ducnepcepoM ^ Gf mgamctticm (2 k , e)-ducnepcepoM. 

(b) F nejiHemcH (k, e )-3KcmpaKmopoM ^ Gp HejinemcH (2 k , e)-3KcmpaKmopoM. 

J^OKa3ameAbcmeo. Ilepexofl ot cpyHKiniii k rpacpaM oneBH^eH: ^ocTaTOHHO b3htb b KanecTBe 
pacnpe^ejieHHa X paBHOMepHoe Ha A. 

OSpaTHbifl nepexofl cjie^yeT H3 Toro, hto jnoSoe pacnpe^ejieHne c H oc (X) ^ k npefl- 
CTaBJiaeTca b BH^e B3BemeHHon cyMMbi paBHOMepHbix Ha MHoacecTBax pa3Mepa K. By^eivi 
cjie^OBaTb flOKa3aTejibCTBy SToro cpaKra, npe^jioiKeHHOMy M. BaSeHKO, a HMeHHO flOKa>KeM 
no HH^yKH,HH cjieflyiomee SKBHBajieHTHoe yTBepat^eHHe: IlycTb ,a,aHO N HeoTpHnaTejibHbix 
HHceji, Ka>Kfloe H3 kotopmx He npeBbiniaeT 1/K oSmeii cyMMbi. Ha30B^M «onepan,HeH» o^,- 
HOBpeMeHHoe yMeHbHieHHe K nnceji Ha o^Hy h Ty me BejinnnHy («BejiHHHHy onepan,HH»). 
Tor^a He 6ojiee neM 3a N onepannn mojkho o6paTHTb Bee ancjia b 0. 

BbiSepeM KaKHe-Hn6yflb K HeHyjieBbix nnceji. YMeHbinHM hx Ha MaKCHMajibHO bo3mojk- 
Hyio BejiHHHHy, Tax hto6bi He HapyniHTb ycjiOBHe. Tor^a jih6o o^ho h3 hhx oSparaTCfl b 
Hyjib, h mm MOJKeM npHMeHHTb npe^,nojio>KeHHe HH^yKH,HH rjik N — 1 h K Henocpe^CTBeH- 
ho, jih6o o^ho h3 HeBbi6paHHbix HHceji (x) CTaHeT paBHbiM 1/K o6m;eH cyMMbi. B TaKOM 
cjiynae Ka>Kfloe H3 ocTajibHbix nnceji He npeBbiniaeT 1/(K — 1) cyMMbi ocTajibHbix nnceji, 
n mm MOJKeM fljia ocTajibHbix nnceji npnMeHHTb npeflnojiojKeHne HHflyKii;HH ^Jia N — 1 m 
K — 1. A HMeHHO, ^oSaBHM k KajK^OMy Ha6opy H3 npeflnojio>KeHHfl HH^yKniiH hhcjio x h 
TaKHM o6pa30M BMecTe c hcxo^hoh onepan,HeH nojiynHM nocjie^OBaTejibHOCTb onepan,HH fljia 
HCxo^Horo HaSopa. ^eiicTBHTejibHO, nocjie nepBoft onepan,HH cyMMa Bcex nnceji, KpoMe x, 
paBHa (K — 1)/ K ot cyMMbi Bcex nnceji. 3HannT, cyMMa Bcex BejinnnH onepan;HH H3 npefl- 
nojioxceHna HH^yKii^HH paBHa 1/(K — 1) • (K — 1)/K = 1/K ot oSmeii cyMMbi, to ecTb KaK 

pa3 X, HTO H HyjKHO. □ 

1 HacKOJibKO H3BecTHO aBTopy, noHHTiie npecpHKCHoro SKCTpaKTopa paHee He BCTpe^ajiocb b jiHTepaType, 

OflHaKO COOTBeTCTByiOmee CBOiiCTBO HeO^HOKpaTHO OTMe^ajIOCb paSJIH^HblMH aBTopaMH. 
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2.3. IIojIHHOMHajIbHO BblHHCJIHMbie 3KCTpaKTOpbI H ITOCTciHOBKcl 

3aflaHH onTHMH3aii,HH napaMeTpoB 

BepOflTHOCTHbIM MeTOflOM MOJKHO ,H,OKa3aTb, *ITO flJia BCeX Tl, k H E CyiU,eCTByiOT 3KCTpaK- 

Topbi c d — log(n — k) +21og(l/e) + 0(l) n m = k+d—log(l/e) —0(1). B pa6oTe pj] T&Kxe 
noKa3aHO, hto sto onTHMajibHbie napaivieTpbi. OflHaKO b SojibiniiHCTBe npnjiojKeHHH Heo6- 
xo^hmo, HToSbi SKCTpaKTopbi SbiJiH BbiHHCJiHMbi 3a nojiHHOMHajibHoe BpeMa. OnpeflejiHM 

(pOpMajIbHO, HTO 3T0 3HaHHT. 

Onpe^ejieHne 2.8. IlycTb ,n;jia cpyHKnnn k(n), e(n), d(n), m{n) 3a^aH0 ceMeficTBO Ext = 
{Ext n } OTo6pa>KeHHH Ext n : {0, 1}™ x {0, 1}°^ — > {0, \} m(jl \ Tor^a oho Ha3biBaeTca nojin- 
HOMiiajibHO BbiHHCJiHMbiM (k, e)-3KCTpaKTopoM, ecjiH Ext n aBJiaeTca (k(n), e(n))-3KCTpaK- 
TopoM npn Bcex n } n Ext n BbiancjniMa 3a nojiHHOMHajibHoe ot ^jiiiHbi Bxo^a BpeMa. 

Jlp CHX nop Heil3BeCTHO, MOJKHO JIH nOCTpOHTb nOJIHHOMIiajIbHO BbinHCJIHMbie SKCTpaK- 

Topbi c onTHMajibHbiMH napaMeTpaMH. IIoBTOMy sa^ana onTHMH3annH CTaBHTca Tax: jihSo 
npn Bcex k n e ^octhhb HanSojibinero B03MO)KHoro m pjisi onTHMajiBHoro d, jih6o ^octhhb 
HaHMeHbinero B03MO>KHoro d jsjia. onTniviajibHoro m, jihSo ^ocTHHb onTHMajibHbix mud rjis 

HeKOTOpblX 3HaHeHHH k. 

3. BepoaTHOCTHoe ,n,OKa3aTejibCTBO cynjecTBOBaHHa skc- 

TpaKTOpOB 

IloKajKeM, hto cjiynanHbiH rpacp c onpe^eji^HHbiMH napaMeTpaMH c nojio)KHTejibHOH 
BepoaTHOCTbio aBJiaeTca SKCTpaKTopoM. 

TeopeMa 3.1 ([Hj). JJjm ecex l<K^N,M>0ue>0 cymecmeywm: 

(a) (K, e )-ducnepcep 3ah D = [§ (in \ + l) + \ (in f + l)] ; 

(b ) (K, e )-9KcmpaKmop 3ah D = [max ■ ^r, (in % + l) }] ; 

(c) npu ycAoeuu, nmo N = 2 n , M u K cymt cmenenu deouKU, npe$UKCHW& (K , e)-9kc- 
mpaKmop 3ah hgD = [log (max {f • j> (1 + In 2 + InJV)})] @ 

Ilpe>Kfle neM flOKa3biBaTb Teopeiviy, nepecpopMynnpyeM en, b TepMHHax cpyHKnnn: 

TeopeMa 3.2. fljiH ecex l^k^nue>0 cymecmeywm: 

(a) (k, e)-ducnepcep 3ah d = log(n — A;) +log(l/e) + 0(1) um = k + d— loglog(l/e) — 0(1); 

(b) (k, e )-3KcmpaKmop 3jih d = log(n— k)+2 log(l/e)+0(l) um = k+d— 2 log(l/e)— 0(1); 

(c) FfpediuKCHuu (k, e)-3KcmpaKmop 3jih d = \ogn + 21og(l/e) + 0(1) u m = k + d — 
21og(l/e)-0(l). 

2 3Toro nyHKTa TeopeMM He 6mjio b pa6oTe 
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B paSoTe ,o,OKa3aHbi cjie,iryioiu,He hh>khhg ou,ghkh; 

Teopeivia 3.3 ([llj). (a) Ecau d)yHKU,UH F : {0, 1}™x{0, l} d — > {0, l} m HOAHemcH (k, e)-duc- 
nepcepoM, mo d ^ log(n — k) + log(l/e) — 0(1) u d + k — m ^ loglog(l/e) — 0(1). 

(b) Ecau (fiyuKyun F: {0, l} n x {0, l} d — ► {0, l} m HBAHemcn (k, s)-3KcmpaKmopoM, mo 
d ^ log(n - fc) + 2 log(l/e) - 0(1) u d + k - m ^ 2 log(l/e) - 0(1). 
TaKUM o6pa30M, napajuempu, docmusnymue e meopejue \3.$h aeAHiomctt onmuMdAbHU- 

MU. 

H3 ou,ghkh fljifl SKCTpaKTopoB cjie,iryeT on,eHKa ^jih npecpHKCHbix SKCTpaKTopoB: d ^ 
logn + 2 log(l/£) — 0(1). TaKHM o6pa30M, 3aaBjieHHbie napaivieTpbi jibjijiiotcji onTHMajibHbi- 

MH. 

JJoKa3ameAt>cmeo meope,Mu \3.1[ ,I[oKa>KeM BHanajie on,eHKy ^jih ^HcnepcepoB. Bo3bMeM ,a,By- 
^ojibHbiH rpacp G = ([N], [M], E) c N BepiniiHaMii b jieBOH ^ojie, M BepniHHaMH b npaBoii, 
b KOTopoM H3 KajKflofi BepniHHbi jieBOH flOJiH cjiynanHbiM o6pa30M BbinymeHO D p^6ep. 
IIojiojkhm L = \sM~\ . Hto6m 9tot rpacp He 6mji (K, e)-^HcnepcepoM, ,n;oji;>KHbi HaliTHCb 
no^MHOxcecTBa pa3Mepa L b npaBoii ^ojie h pa3Mepa K b jieBOH, KOTopbie He coe^HHaeT hh 
o^ho pe6po. TaKHM o6pa30M, Pr [G He aBjiaeTCH (K, e)-^,HcnepcepoM] He npeBocxo^HT 



L\ KD feN\ K feM\ L ( LKD\ 



c "- c "V-m) <{t) {-) -p(— J- W 

B 3tom nepexo^e mm Bocnojib30BajiHCb HepaBeHCTBaMH C k n < (ef ) fc , KOTopoe Jierxo flOKa3aTb 
no HHflyKn,HH, h 1 — x ^ e~ x . rioflCTaBHB D H3 ycjiOBHH TeopeMbi, nojiynaeM 

exp pSr) > exp ( L ( ln 7 + 1 ) +A "'S'K ln 7? + 1 )) * 

eM „, eN\ f eN\ K f eM 



>exp ^ ln _ + A - ln _J^_J , (2) 

OTKy^a npaBaa nacTb (pQ) He npeBoexo^HT 1. 3HanHT, cjiynanHbiH rpacp c yKa3aHHbiMH na- 
paMeTpaMH He HBJiaeTca (K, e)-^HcnepcepoM c BepoaTHOCTbio MeHbine 1, t. e. HBJiaeTCH 
(K, e)-flHcnepcepoM c nojiojKHTejibHOH BepoaTHOCTbio, hto h TpeSoBajiocb ,n;oKa3aTb. 

Tenepb flOKa»ceM oueHKy ^jih SKCTpaKTopoB. SaMeTHM BHanajie, hto H3HanajibHoe Tpe- 
6oBaHne, hto6m VA C [N], \A\ ^ K \/B C [M] BbinojiHHjiocb 



\E(A,B)\ \B\ 



\A\-D M 



<£, 



mojkho 3aMeHHTb Ha Sojiee cjia6oe: VA C [N], \A\ = K\/B C [M] \E(A, B)\ < KD +eV 

^eficTBHTejibHO, CBe^eHHe k MHOJKecTBaM pa3Mepa pobho K cjie^yeT H3 ^OKa3aTejibCTBa 
yTBepjK^eHHH EH1 ^ajiee, nycTb Hafi^yTCH A C [N] h B C [M], Taiaie hto \E(A, B)\ ^ 
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KD (\fj.- £ y Tor^a hojiojkhm B = [M] \ B h nojiyniiM \E(A, B)\ ^ KD + e), hto 
npoTHBope^HT ocjiaSjieHHOMy TpeSoBamno. 

^ajiee, bo3bmhm bhobb flBynpjibHbiH rpacp G = ([N], [M], E) c N BepmiiHaMii b jieBoii 
flojie, M BepniHHaMH b npaBoii, b kotopom H3 KajK^ofi BepniHHbi JieBoii ^ojih cjiynanHbiM 
o6pa30M BbinymeHO D pnSep. OnKcnpyeM A C [N], \A\ = K h B C [M]. IIojiojkhm p = 
Ou,ghhm BepoaTHOCTb Toro, hto |-E(^4, ^ KD(p + e). KojiHHecTBO p^,6ep, Hflymnx H3 
A b B, ecTb cyMMa i^-D He3aBiicnMbix o^HHaKOBO pacnpe^eji^HHbix cjiynanHbix BejiHHHH, 
npimiiMaiomHx 3HaHeHne 1 c BepoaTHOCTbio p h 3HaneHHe c BepoaTHOCTbio 1 — p. Ylo 
HepaBeHCTBy HepHOBa mm MCo«eM oueHHTb 

Pr [\E(A, B)\ ^ KD(p + e)} < exp(-2e 2 KD). 

TaKHM o6pa30M, Pr [G He aBJiaeTca (K, e)-3KCTpaKTopoM] He npeBoexo^HT 

C« ■ 2 M exp(-2e 2 KD) < 2 M exp(-2e 2 KD) = 



= ^ e K(l+ln(N/K)) . e ~e 2 KD^ . ^Mln2 . e ~e 2 KD^ _ 



IIocKOJibKy D ^ + \n(N/K)), nepBbiii MHOJKHTejib He npeBoexoflHT 1. AHajiornnHO, 
nocKOJiBKy D ^ ; BTopoii MHO)KHTejib He npeBoexo^HT 1. B HTore najrynaeM, hto 

Pr [G He aBJiaeTca (X, e)-3KCTpaKTopoM] < 1, 



hto h TpeSoBajiocb ,a,OKa3aTb. 

riepeii^M k npecpHKCHbiM SKCTpaKTopaM. BHanajie nepeBe^M onpe^ejieHne Ha h3mk 
rpacpOB. Ha30BHM Sjiokom ypoBHa i noflMHOJKecTBO BepniHH npaBoii ^ojih pa3Mepa 2*, ko- 
Topoe coctoht H3 Bcex cjiob, HMeroiniix (pHKCHpoBaHHbiii npecpHKC fljiHHbi 171 — i. ByzjeM 

i 

roBopHTb, hto MHCOKecTBO B i-BjicoKeHO b [M] (B C [M]), ecjiH jhoSoh 6jiok ypoBHa i jih6o 

nOJIHOCTBK) BXO^HT B B, JIH60 nOJIHOCTBK) He BXO^HT. TaKHM o6pa30M, i-BJIO>KeHHbie no,n- 

MHOJKecTBa ecTecTBeHHbiM o6pa30M cooTBeTCTByiOT MHCOKecTBaM cjiob fljiHHbi m — i. Tenepb 
mojkho onpe^ejiHTb npe(pHKCHbiH SKCTpaKTop TaK: Vi = 0, . . . , k \/A C [N], \A\ = K/2 1 

Vfic[M] \E(A, B)\<m(\§ +£ ). 

Cjie^ya cxeMe ^OKa3aTejibCTBa fljis SKCTpaKTopoB, nojiynnM, hto 

Pr [G He aBjiaeTca (K, £)-npecpHKCHbiM SKCTpaKTopoM] ^ 

k k / AT \ K l 2i 

< £ CT ■ 2 M/21 exp^ATD/*) < £ ( fL ) ex P (-2e 2 KD/T) = 

i=0 i=0 ^ ' ' 

k 

^ e ^/2 i (l+ln(2 i Af/E")) _ e -e 2 KD/2 i j _ ^ e Mln2/2 i _ e ~e 2 KD/2 i j < 

. ^ e ftT/2 i (l+lnAf-e 2 D) j _ ^{M\n2-s 2 KD)/2 i j 



i=0 

/. 

i=0 
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BTopoii MHOJKHTejib b Ka>K^OM cjiaraeMOM, KaK h npe>K^e, He npeBoexo^HT 1. IIocKOJibKy 
D ^ ^(1 + ln2 + In N), nepBbiH MHoacHTejib b i-OM cjiaraeMOM He npeBoexo^HT (1/2) K ^ 2 \ 
3HanHT, cyMMa Bcex nepBbix MHOKHTejien MeHbine 1, 3HaanT h Bca cyMMa MeHbHie 1, cjie^o- 
BaTejibHO, HCxo^Haa BepoaTHOCTb TaKace MeHbHie 1. 3HanHT, rpacp c hckommmh napaivieTpaMH 
Hanfl^Tca. □ 



4. 3KCTpaKTopbi Ha 6a3e xeni-<J>yHKiniH 

4.1. Ba30Ba5I KOHCTpyKI^HSI 

Onpe^ejieHne 4.1. HaSop cpyHKiTHH H = {h : [N] — > [L]} Ha3biBaeTca ceMeftcTBOM xeni- 
(pyHKH^HH co CTeneHbio kojijih3hh 8, ecjin Wxi ^2 £ [N] Pih^H [h(xi) = h(x2)] ^ (1 + S)/L. 

IlycTb cpyHKH^HH h G H 3aHyiviepoBaHbi npoH3BOJibHbiM o6pa30M. Tor^a no ceMencTBy H 
mojkho nocTpoHTb SKCTpaKTop no (popMyjie F(x, h) = h ■ h(x), r^e ■ o6o3HaaaeT KOHKaie- 
Hannio. TaKHM o6pa30M, D = \H\, M = DL. 

JleMMa 4.1 ([4J). IJycmb H — ceMeucmeo xem-cjiyHKi^uu c eepoHmHocmbK) koaau3uu S. 
Tozda SKcmpaKmop, nocmpoeuHuu no H, UMeem napauempu K = 2 k = 0(L/5) u e = 

o(VS) 

/JoKa3ameAbcmeo. Onpe^ejinM BepoaTHOCTb kojijih3hh fljia pacnpe^ejieHna X KaK col(X) = 
J^ a (X(a)) 2 — BepoaTHOCTb toto, hto He3aBHCHMO BbiSpamibie b cootb6tctbhh c X x\ h 22 
coBna^yT. IIoKaaceM, hto col(X) ^ npn ^ k. ^encTBHTejibHO, 

col(X) = ]T(X(a)) 2 < 2- fc £>(a) = 2~ k = \ 



K 



a 



^ajiee, o6o3HannM nepe3 Z pacnpe^ejieHne h ■ h(x), rae h pacnpe^ejieHO paBHOMepHO, a x b 

COOTBeTCTBHH C X, H nOCHHTaeM C0\(Z). Co\(Z) — BepOHTHOCTb TOTO, HTO flJia He3aBHCHMO 

Bbi6paHHbix (hi, xi) h (h 2 , x%) BepHO hi — I12 n hi(xi) = ^2(^2)- OHa paBHa flOMHoaceHHoft 
Ha 1/\H\ BepoaTHOCTH Toro, hto rjisi cjiyaaimoH h E H h x±, x%, Bbi6paHHbix b cootbctctbhh 
c X, h(xx) = h(x2). BepoaTHOCTb Toro, hto x\ = X2, paBHa col(X). Ecjih >Ke x\ 7^ X2, to 
3Ta BepoaTHOCTb He npeBoexo^HT (1 + $)/L. B HTore nojiyaaeM 

^)<m( co1W + ^H + m(* + i)- (3) 

^ajiee, 

mm = W)f = E ( z( „) - *m _ E ± 2 = £ (z (0) - ±) 2 + ±, 

OTKyna c yneTOM ([3]) nojiyaaeivi J2 a (^( a ) ~ 1/M) 2 ^ (1/K + S/L)/\H\, OTKyna 



E 



K L7 Lff V K 
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hto npii K = L/8 Bjie^T 0(\/5)-6jiH30CTb pacnpe,a,ejieHHa Z k paBHOMepHOMy, hto h Tpe- 
6oBajiocb ^,OKa3aTb. □ 

B [H] ^OKa3aHa cjieflyiomaa 

JleMMa 4.2. JJsm ecex l^L^Nue>0 mochcho nocmpoumb ceMeucmeo H xeui- 
$yHK'u ) uu, omodpacucawmux [N] e[L], c eeponmnocmbio koaau3uus pa3Mepa \H\ = poly(n, e 

OTCIOfla BblBO^HM 

Cjie^CTBHe 4.3. JJjm ecex M ^ N u e > mochcho nocmpoumb (k, e)-3Kcmpa,Kmop c D = 
poly(n, e" 1 , M) u k = m — d + Ofioge^ 1 ). 

3aivieTHM, mto nocTpoeHHbifi SKCTpaKTop TpeSyeT, BOoSme roBopa, oneHb MHoro cjiy- 
naHHbix Shtob (d nojiiiHOMiiajibHO 3aBiiciiT ot m), o^HaKO npn Majibix m (TOHHee, npn 
m = polylog(n)) nocTpoeHHbiH SKCTpaKTop aBJiaeTca onTHMajibHbiM. 



4.2. Komiio3hij;h5i SKCTpaKTopos 

Onpe^ejieHne 4.2. IlycTb F\ : (n\) x (di) — > (mi) h F 2 : (n 2 ) x (d 2 ) — > (d\) cyTb SKCTpaK- 
Topbi. Tor^a onpe^ejiHM hx komho3hhhio F\ o F 2 '■ {n\ + n 2 ) x (d 2 ) - * ( m i) n0 (popMyjie 
Fi o F 2 (xi, x 2 , y) = F x (xi, F 2 (x 2 , y)). 

TaKHM o6pa30M, iiohth cjiynanHbie 6htm, nojiyaeHHbie c noMombio BToporo SKCTpaK- 
Topa, HanpaBJiaiOTca Ha Bxofl nepBOMy SKCTpaKTopy b KaaecTBe cjiyaaimbix. Pa3yMeeTca, 
CBOHCTBa nepBoro SKCTpaKTopa npn stom MoryT yxyinnHTbca. OflHaKO, earn Ha bxo^ kom- 
no3HHHH no^aTb He npoH3BOJibHoe pacnpe^ejieHne X, a pacnpe^ejieHne cneHiiajibHoro BH^a, 

TO CBOHCTBa COXpaHHTCH. 

/],aflHM (popMajibHoe onpe^ejieHne: 

Onpe^ejieHne 4.3. IlycTb X% h X 2 cyTb (onpe^ejiHimbie Ha o^hom bcpohthocthom npo- 
CTpaHCTBe) cjiynanHbie BejiHHHHbi, npHHHMaioiinie 3HaneHHa Ha {0, l} ni h {0, l}™ 2 cootbct- 

CTBeHHO. By^eM rOBOpHTb, HTO OHH 06pa3yK)T (fci, A^-^JIOHHblH HCTOHHHK, eCJIH 

1. H 00 {X 1 )^k 1 . 

2. IIpH JHOSOM (pHKCHpOBaHHOM X% H 00 (X 2 \Xi = X\) ^ k 2 . 

3to onpeflejieHne o6o6inaeTca Ha npoH3BOJibHoe hhcjio cjiynanHbix bcjihhhh. 
HivieeT MecTO Hecjio>KHaa 

JleMMa 4.4. IJycmb Fi : (ni) x (di) — > (mi) — (k\, ei)-9KcmpaKmop, a F 2 : (n 2 ) x (d 2 ) — > 
(di) — (k 2 , e 2 )-9KcmpaKmop. IJycmb manatee (X\, X 2 ) — (k\, k 2 )-6AOHHUu ucmoHHUK. Tozda 
pacnpedeAenue F\ o F 2 (Xi, X 2 , Ud 2 ) (ei + s 2 )-6au3ko k paenoMepnoMy. 

,II,OKa3ameAbcmeo. 06o3HaHHM nepe3 W cjiynaHHyio BejiHHHHy F 2 (X 2 , Ud 2 )- 3acpHKCHpyeM 
3HaneHHe x±, Tor^a npn ycjiOBHH X\ = X\ pacnpe^ejieHHe W £2-6jih3ko k paBHOMepHO- 
My. 3HanHT, pacnpe^ejieHHe napbi (X\, W) 52-6jih3ko k pacnpe^ejieHHio (X±, U^). 3HanHT, 
pacnpeflejieHne BejiHHHHbi Fi(Xi, W) £2-6jih3ko k pacnpe^ejieHHio F\(Xi, U^), KOTopoe, 
b cbok) onepeflb, £i-6jih3ko k paBHOMepHOMy, OTKyna pacnpeflejieHne F\(Xi, W) (e\ + £2)- 
6jih3ko k paBHOMepHOMy, hto h Tpe6oBajiocb. □ 
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4.3. IIocTpoeHHe GjiOHHoro hctohhhks 

OnncaHbi pa3JiHHHbie MeTO^M nocTpoeHHa 6jiohhmx hctohhhkob. O^hh h3 nepBbix no- 
aBHJica b pa6oTe [10] h ocHOBaH Ha nonapHO He3aBnciiMOM Bbi6ope Shtob h3 ncxo^Horo pac- 
npeflejieHna. ^pyrofl MeTOfl onncaH b paSoTe [8 J h npeflCTaBJieH b pa3flejie [5l 3tot MeTOfl 
6biji pa3BHT ii yciuieH b paSoTe 1 1 3 j . 

5. KoHCTpyKD,na Ta-IIlMbi 

5.1. Mn;pflxcepbi 

Onpe^ejieHne 5.1. CjiyaaiiHaa BejiiiaiiHa Z = Z\ Zf, Ha3MBaeTca 6-6jiohhmm r^e-TO 

cjiyaaiiHbiM (k, e, t^-hctohhiikom, ecjiii Zi — cjiyaanHbie BejiHHHHM Ha {0, l} fc h cymecTByeT 
cjiyaaHHaa BejiHHHHa Y Ha {0, . . . , b}, Taicaa hto: 

• ^Jia Bcex i G {1, . . . , b} dist((Zj|F = i), Uk) ^ £] 

• Pr [Y = 0] ^ T). 

Y Ha3biBaeTca (k, e, r])-cejieKTopoM ^jia Z. 

HecjiojKHO ^OKa3aTb cjieflyiomyio jieMMy: 

JleMMa 5.1. 1. JIto6ou sde-mo CAynautiuu (k, e, r])-ucmoHHUK (e + i])-6au30k k Heno- 
mopoMy sde-mo CAyuailHOMy (k, 0, 0)-ucmoHHUKy. 

2. Ecau Z — sde-mo CAynauHuu (k, 0, 0)-ucmouHUK, mo H^Z) ^ k. 

^aflHM onpeflejieHne Mapflacepa. 

Onpe^ejieHne 5.2. <J>yHKHiia M : (k) b x (d) — > (m) Ha3biBaeTca e-MapaacepoM, ecjin aaa 
jno6oro 6-6jioaHoro rae-TO cjiyaaHHoro (k, 0, 0)-HCTOHHHKa Z pacnpeaeaeHne M(Z, Ud) e- 
6jih3ko k paBHOMepHOMy. 

5.2. KoMno3Hii,Ha flsyx 3KCTpaKTopoB nocpe^CTBOM MH,pfl^cepa 

Onpe^ejieHne 5.3. IlycTb E\ : (n) x id\) — > (d 2 ) h E 2 : (n) x (<i 2 ) — > {m 2 ) — BKCTpaKTopbi, 
a M: (m 2 ) n x (//i) — > (m) — Mapaatep. Toraa KOMno3HHiieH SKCTpaKTopoB nocpeacTBOM 

M 

Mapaacepa Ha3biBaeTca (pyHKipia E 2 Ei : (n) x {d\ + /ii) — > (m), onpeaeaaeMaa caeayio- 
ihhm o6pa30M. IlycTb a G {0, l} n , T\ G {0, l} dl , r 2 G {0, l} m . IIojiojkhm aaa i — 1, . . . , n 
gi = ^(a^nj, rx), a ^ = i? 2 (a[i, i-ii, 06o3HaaHM E 2 Q E\ = z\ ■ . . . • z n si noaoacHM 

M 

£ 2 Et{a, r u r 2 ) = M(E 2 QE 1 ,r 2 ). 

3aMeHCLHue. BooSme roBopa, cjiOBa a[i, n ] 11 a [i,i-i] Kopoae n 6htob. OflHaKO, nocKOJibKy mm 
paccMaTpHBaGM pacnpe^ejieHna Ha sthx cjiOBax, h HHTepecyeMca tojibko hx MHHHMajibHOH 
SHTponneH, mm mojkcm (popMajibHO flonojiHHTb sth cjiOBa HyacHoii ^jikhm, HanpHMep 

HyjIHMH. 
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SaMenanue. Mo>kho CHHTaTb, hto m\ ^ e^, nocKOJibKy cbohctbo 6jih30Cth k paBHOMepHOMy 
pacnpe^ejieHHio coxpaHaeTca npn b3sithh orpaHHneHHfl Ha nacTb 6htob. 

TeopeMa 5.2. Ilycmb E\ — (hi, (i)-9KcmpaKmop, E% — fa, ^J-^cmpanmop, a M — £3- 

M 

M^pdMcep. Tosda d/in jik>6ozo napaMempa s > E 2 E\ — (ki + k 2 + s, Ci+C2+(3+8n2~ s ' )- 
aKcmpanmop. 

JJoKa3ameAt>cmeo. OneBH,nHO, ,a,ocTaTOHHO ^,OKa3aTb, hto E2QE1 — r^e-TO cjiynanHbiH (m2, 
C1+C2, 8n2 _s / 3 )-HCTOHHHK. IlycTb X — cjiyHaimaa BejinnnHa c H^X) ^ ki + k 2 + s. 06o3Ha- 
hhm nepe3 Qi 11 Zi cjiynanHbie BejinnnHbi, npHHHMaioiniie 3HaneHHa n Z{ cooTBeTCTBeHHO. 
ITojiojkhm e 3 = 2 _s / 3 , 62 = 2e 3 , £1 = 2e2 . 

Onpe^ejiiiM cejieKTop fljia BejinnnHbi Z = Z\ ■ Z2 Z n = E2 QE\. IlycTb w G {0, l} n , 

H 

f(w) = max{i: Pr [X [i>n] = w^X^q = < (e 2 - £3) ■ 2 _fcl } 

3to yace noHTH cejieKTop, ho ero Ha^o HeMHoro no^npaBHTb, H36aBHBHiHCb ot cjihihkom pe^,- 
ko npHHHMaeMbix 3HaneHHn. Be^b ecjin 3HaneHne npnHHMaeTca pe^KO, to cooTBeTCTByiomee 
ycjiOBHoe pacnpe^ejieHne MOKeT bccth ce6a KaK yroflHO, a He SbiTb 6jih3khm k paBHOMep- 
HOMy. Bojiee CTporo: Ha30B*iM w njioxHM, ecjiH f(w) = i h 

1. Pr [f(x) — i] ^ £1, hjih 

2. Pr [f(x) = i I ar[ lt i_i] = W[i,»-i]] ^ £2, hjih 

3. Pr [xi = I = iW[i,t-i]] ^ ^3- 

06o3HannM nepe3 B MHoacecTBO Bcex njioxnx w, a nepe3 Bi — mhokcctbo Bcex w, yn;oBJie- 
TBopHiomHx ycjiOBHio i. Tenepb onpe^ejiHM cejieKTop KaK 



Y(w) 




ecjiH w njioxoe; 
HHane. 



HeTpy^HO ^OKa3aTb, hto ^ojih njioxnx w He npeBoexo^HT n(ei + £2 + £3) ^ 8n2~ s / 3 . OcTa- 
jiocb ^,OKa3aTb, hto (Zi\Y = i) (d + £2)-6jih3ko k paBHOMepHOMy. 3to cjie,zryeT H3 ,HByx 
yTBep>KfleHHH: 

YTBep^^eHHe 5.3. EcauPt \ Y — % \ X^^q = wp^-i]] > 0, mo (X^ n ] | K = i u X^^q 

I Y = i) ^ jfc 2 . 



,HeHCTBHTejibHO, fljia Bcex lyri^-i], yflOBJieTBopaiomnx ycjiOBHio yTBeac^ieHHg 15.31 pacnpe- 
^ejieHne Qi\Y = i h X[i t i-\] = Ci-^jih3ko k paBHOMepHOMy (no CBOHCTBy SKCTpaKTO- 

pa Ei). OTCK>,na pacnpe^ejieHHe (X[i t i_i]|y = i) x (Qi\Y = i h Xp^-i] = Ci-6jih3ko 
k (X[x = z) x t/<j 2 . OTCio^a no CBoiicTBy SKCTpaKTopa E 2 nojiynaeM, hto (Zi\Y = i) 

(Ci + C2)-6jih3ko k paBHOMepHOMy. □ 
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^OKa>KeM Tenepb yTBep>K,zieHHa 15.31 h 15.41 

JJ l OKa3ameA'bcmeo ymeepofcdeHUM [Ql J\ji%- JiK>6oro w, TaKoro hto Y(w) = i, BbinojiHeHO 



Pr [X[ in ] = W[ in ] | = ^(^) = i] ^ 



Pr [X[ in ] = W[ in ] 




Pr [y(x) = % 





< (e 2 - eg) ■ 2- fc i ^ (eg - £ 3 ) ; 2~ fcl = 2 _ fcl 

^ Pr = z | ar^^-i] = u?[i,i-i]] ^ ^2 - ^3 

IlepBoe HepaBeHCTBO cjie^yeT H3 toto, hto Pr [A\B] ^ Pr [A] / Pr [£>], BTopoe — H3 toto, hto 
f(w) — i, h onpe^ejieHHH /. ^OKajKeM TpeTbe, t. e. hto Pr \Y(x) = i \ = tu^i-i]] ^ 

^2 — £3, eCJIH TOJIbKO He paBHO HyjIK). ^eHCTBHTejIbHO, eCJIH W[i CJiy>KHT Ha^ajIOM flJIH 

HeKOToporo u> c Y{w) = i 7^ 0, to HHKaKoe npoflOJi>KeHHe iuri i-11 He mojkct 6biTb njioxHM no 

nepBOMy h BTopoiviy ycjiOBHio. 3HaHHT, Pr = % | = tu^i-i]] = Pr [f(x) = i \ £[1,1-1] = ttfji^-i] 

Pr [f(x) = i h x G B 3 I = it7[i t i_i]l ^ £2 — £3- IlepBoe cjiaraeivioe He MeHbine £2, no- 

CKOJibKy x (jL i?2- OiieHKa Ha BTopoe TO>Ke noHHTHa: rjih Tex x, r^e f(x) = i } cooTBeTCTByio- 

mas BepoaTHOCTb He npeBoexo^HT 53 no onpe^ejieHHio B 3} a fljis ocTajibHbix h BOBce paBHa 

Hyjiio. □ 



/foKasameAbcmeo ymeepotcdeHusi \57^\ IlycTb w^x,i-i] — npoH3BOJibHoe cjiobo, npo^ojiJKae- 
Moe jio w c Y(w) = i. OiieHHM BepoaTHOCTb Pr [rr^i-i] = u^j-i]] . 

Pr = W[i,i-i]J 



Pr [x[j, n ] = W[ iin ] I Z[i,t-i] = 

Pr [x [1>n] = W[ 1>n ]] 



Pr [xi = Wi I = ■ Pr [x[ i+ i in ] = W[i+i, n ] I = W[i :i ]] 

MncjiHTejib OH,eHHBaeTca CBepxy KaK 2~ <ykl+k2+s \ nocKOJibKy H 00 (X) ^ k\ + k% + s. IlepBbiH 
coMHOJKHTejib 3HaMeHaTejia oiieHHBaeTca CHH3y KaK £3, nocKOJibKy w B 3 . HaKOHen;, BTopoii 
coMHOJKHTejib 3HaMeHaTejia oiieHHBaeTca CHH3y KaK (£2 — £3) ■ 2~ fcl , nocKOJibKy f(w) — i. B 
HTore HMeeM 

Pr [qi,*-i] = W[ M -i]] ^ —7- -T- (4) 



£3^2 - £3 



^ajiee, 



p r vn .1. Pr = W[i,»-i]] , 
Pr Ix^i-q = Wfri-n I Y{x) = i\ < pr ~ -j < 

9— fci— s o — s 

^ ^ — 2 _fcl 

^ £3(^2 - £3) Pr [Y(x) = i] £ 3 (£ 2 - £ 3 )(£i - £2 - £3) 

riocjie^Hee HepaBeHCTBO cjie^yeT H3 toto, hto ecjin Pr \Y(x) — i] > 0, to Pr [f(x) — i] ^ £1. 
Hckjiiohhb x & B 2 11 x <E B 3 , nojiynaeM Hy>KHyio on,eHKy Pr \Y(x) = i] ^ £1 — £2 — £3. □ 
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5.3. K0MII03HIi;H5I HeCKOJIbKHX 3KCTpaKTOpOB 

PacnpocTpaHHM Hainy TexHHKy Ha npon3BOJibHoe hhcjio SKCTpaKTopoB. 

Onpe^ejieHne 5.4. IlycTb E^. (n) x (dj) — > (dj+i + s»+i) cyTb Ci) _3KCT P aKT0 P bI W 13 
i = 1, . . .,t, Si ^ 0, a s 2 = 0. IlycTb TaK>Ke M*: (d i+2 + s i+2 ) n x (//) — >• (rf i+2 ) cyTb Q- 

M t -i M t -2 Mi 

MH,p^>Kepbi ,a,jin z = — 1. OnpeflejiHM (pyHKnnio E = E t © Et-i ••• 

: (n) x (c?i + /ii + ■ ■ ■ + — > (c?t+i) HH^yKTHBHO no npaBOH acconnaTHBHOCTn: E : = 

M t _i / M t -2 Mi 

E 4 Et-i ■ ■ • E l 



TeopeMa 5.5. J^ah ak>6oso napajuempa 6e3onacHocmu s > E nejinemcn (Y^i=i k{ + (t — 
Y^i=i d + YllZiCi + (t — l)n2~ s / 3+3 )-9KcmpaKmopoM. Ecau Ei u Mi guhucaumu 3a 
noAUHOMuaAbuoe epeMH, mo u E mootce. 

JJoKasameAbcmeo. IlapaivieTpbi SKCTpaKTopa oneBii^HbiM o6pa30M nojiyaaiOTca npnivieHe- 
HHeM no HH^yKniiH TeopeMbi I5.2[ ^OKaaceM coxpaHeHne nojiHHOMnajibHon BbinncjinMOCTn. 
By^eM ^encTBOBaTb npn noMOinn ^HHaMnnecKoro nporpaMMnpoBaHna no cne^yioineMy aji- 
ropHTMy: 

1. Bxo fl : x G {0, l} n , y G {0, l} dl n Vj G {0, 1}^ , j = 1, . . . , t - 1. 

/ Afj-i Mi \ 

2. By^eM BbinncjiaTb MaTpnny M c sjieivieHTaMH M^j = I Ej • • • E\ J (a?[i, n ]j . • • Uj- 

nepBbiH pa,a, MaTpnn,bi, Mu, MomeT 6biTb BbinncjieH HenocpeflCTBeHHO KaK Ei(x[i >n ], y). 
IlycTb mm 3anojiHHjin j-bin pa,a, MaTpnnbi, 3anojmnM (J + l)-bin. 

• 06o3HannM qi = Mji, I = i, . . . ,n, n nojio>KHM z% = Ej + i(x[ij-i] } qi). 

• nojio>KHM Mj+i t i = Mj(zi . . . z n , yj). 

Pe3yjibTaT BbiancjieHHH 6yn;eT npaBHJibHbiM no onpeflejieHHio Map,n;:>Kepa, nojiHHOMnajib- 
hoctb BpeivieHH pa6oTbi noHaTHa. □ 



5.4. IIocTpoeHHe M^p/i,x<;epoB 

OnnnieM KOHCTpyKnnio aBHoro nocTpoeHna M^p^jKepoB . BHaaajie 3aivieTHM, hto jiio6oh 
(k, e)-3KCTpaKTop c n = 2k «H3BJieKaeT cjiyaanHOCTb» H3 jiio6oh cjiyaanHofl BejinanHbi X 
c H 03 (X) ^ k, b nacTHOCTH, H3 ^ByxSjionHoro r^e-TO cjiynaiiHoro (k, 0, 0)-ncTonHHKa. (no 
jieMMe EH]) TaKHM o6pa30M, oh nBjiaeTca ^,Byx6jionHbiM MH,p^,a<;epoM. nocTpoHM 6-6jionHbin 
M^p^>Kep Ha 6a3e ^Byx6jionHbix. A hmchho, 6y^eM ^encTBOBaTb Tax: 

AjiropHTM 5.1. LlycTb M: (k) 2 x (d(k)) — > (k — m(k)) — M^p^>Kep. nocTpoHM peKypcnBHO 
M^p^>Kep Mi : (k) 2 x (I ■ d[k)) — > (k — I ■ m(k)): 
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1. Bxofl: x l = x[ . . .x l 2U r^e x\ G {0, l} fc ; d = d\ . . . di, di G {0, l} d ( k \ 

2. Ecjih 1 = 0, B03Bpain,aeM x l . 

3. HHane nojio>KHM x l ~ l = M(x l 2i _ 1 , x l 2i , di), i — 1, . . . , 2 Z_1 . 

4. Bo3BpaTHM M;_i(x i 1 ~ 1 . . . XjT-l > ^i • • • <^-i)- 

,IJoKa>KeM KoppeKTHOCTb paSoTbi ajiropHTMa. 

Teopeivia 5.6. IJycmb 3ah ecex k 3am Henomopux mohothohho pacmyv^ux (^yHKV^uu d, m 
u e^ 1 cymecmeyem nojiuHOMuajibHO buhucaumuu e(k)-MV ) pdatcep M : (k) 2 x (d(k) — > (A; — 
m(k)). Tosda Mi, nocmpoeHHUu no aAsopumMy \5.1\ neAHemcn I ■ e(k — m(k))-MV ) pdcHcepoM. 

fioKaaameAbcmeo. JXrh j = I, . . . , h i = 1, . . . , 2 j o6o3HannM nepe3 X/ cjiynaimyio bcjih- 
Himy, npHHHMaioinyio 3HaneHHa c BepoaTHOCTaMii, HH,nyuiipoBaHHbiMH pacnpe^ejieHHeivi 
X Ha x = x l G {0, l} fc ' 2 ii paBHOMepHMM Ha G {0, l}'' d ( fc \ 3aMeTHM, hto X 1 = X — hcxo^- 
Hoe pacnpe^ejieHne, a X° — bbixo^. Mepes X J o6o3HannM KOHKaTeHauHio X J = X\ . . . X^ 
06o3HannM kj = k—(l—j)m(k) n ^OKajKeM Sojiee oGmnn (paKT: ecjin X — r^e-TO cjiynaimbin 

(k, 0, 0)-HCTOHHHK, TO flJIM BCeX 1 ^ t ^ 2 J 

dist((Xf|Y G [2^(i - 1) + 1, 2^]), E^) < (l-Mkj), 

r^e y — (/c, 0, 0)-cejieKTop fljis X. IIpoBe^HM ^OKa3aTejibCTBO HHCxo^amen HH^yKniien no j . 
Ilpn j = I yTBep>K^aeTCfl, nTO Vzdist((Xj|y = i), Uk) = 0, hto BepHO no onpe^ejieHnio Y. 
IlycTb mm ^OKa3ajiH yTBepjK^eHHe ^Jia j , flOKajKeM fljia j — 1 . Ilo npe^nojioiKeHHio HHflyKniiH 
BbinojiHeHo: 

. dist((X^ 1 |F G [2*-i(2i - 2) + 1, 2^]), 0*,) < (I - j>(%); 

• dist((X4|Y G [2^(2i - 1) + 1, 2^]), ^ (/ - j>(^.). 
Bocnojib3yeMca cjieflyiomeH JieMMon: 

JleMMa 5.7. Ilycmb A, B uY cymb CAynaunue eejiuHimu. IIpednoAOCHCUM, umo dxsk((A\Y G 
5*1); Uk) ^ s u dist((-B|y G S2), Uk) ^ £ ^as neKomopux HenepeceKatomuxcn MHOwcecme 
Si u S2. Tozda pacnpedeAenue (AB\Y G S\ U S2) s-6au3ko k neKomopoMy pacnpedeAenuto 
WcH OQ (W)^k. 

Ho jieMMe hmggm, nTO (X| i _ 1 X2j|F G [2 i_ - ? (2z — 2) + 1, 2 l 2 ^ : ']) (/ — j)e(/cj)-6jin3KO k hgko- 
TopoMy W c HooCW) ^ kj. nocKOJibKy X/" 1 = M(X| i _ 1 X| i , dj), {Xf^Y G [2'^'(2i - 2) + 
1, 227 J ]) — j)£(/c : ,)-6jih3ko k M(W, dj), t. e. ((/ — j)e(kj) + e(kj))-6w3KO k paBHOMepHOMy, 
OTKyn;a c yn^TOM toto, hto s(kj) ^ BbiTeKaeT yTBepjK^eHHe TeopeMbi. □ 

floKaaameAbcmeo a&mmu X57K /JocTaTOHHO paccMOTpeTb cjiynan, Kor^a Pr [Y G 5i U ^ = 
1, t. k. npn orpaHHHeHHH Ha sto MHOJKecTBO ycjiOBHbie pacnpeflejieHna He H3MeHaTca. A b 
3tom cjiynae (pyHKii;Ha Z = i : Y G Si Sy^eT no ycjiOBHio (k, e, 0)-cejieKTopoM fljia AB. Ho 
jieMMe IBTTI AB 6y^eT £-6jih3ko k HeKOTopoMy pacnpe^ejieHnio W c H^iW) ^ k. B o6meM 
cjiynae to >Ke caMoe 6y^eT BbinojmeHO ^,jih (AB\Y G Si U 5*2). □ 
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5.5. IIocTpoeHHe HToroBoro 3KCTpaKTopa 

JleMMa 5.8 ([IS]). JJah neKomopou KOHcmanmu c > 1 u aw6o20 k = Q(\ogn) cywficmeyem 
nojiuHOMuaAbHO euHUCAUMUu (2k, 2~ k / 5 )-9KcmpaKmop A\~: (n) x (k) — > (ck). 06o3holhum 
amy KOHcmanmy c sz . 

IlOKclJKGM, KaK MffiKHO nOCTpOHTb XOpOHTHH SKCTpaKTOp, HMea XOpOHIHH MH,p^>Kep. 

JleMMa 5.9. Ilycmb 3am ecex k G [k', k"] cymecmeyem noAUHOMuaAbno guhucaumuu e- 
MV ) pdoicep Mk'. (k) n x (d) — > (ak), sde a — KOHcmanma e unmepeaAe (l/c sz , 1). Tozda 
3am mex otce k cymecmeyem noAUHOMuaAbHO euuucAUMUu (k, poly(ra) • e)-9KcmpaKmop 
E: (n) x (0(jfe'log(l/e)) + dlogn) -> (fi(Jfe)) 

fioKaaameAbcmeo. IIojiojkhm b = c sz ■ a, ki = b l k' log(l/e), at — MHHHMajibHoe hhcjio, hto 
z2i=i ki ^ kj2. Onpe^ejiHM E KaK E — E t E t -\ ... -Ei, r^e 

• Ef. (n) x (fei) — > (c sz ki) — (2k il 2 fcl//5 )-3KCTpaKTop H3 JieMMbi [5T8l 

• Mj: (c S 2/cj + i) n x (d) — > (A^+2) — e-MTp^acep, cyinecTByroinnn no npe^nojiojKeHHio .JieM- 
Mbi. (k i+2 = bk i+1 = a ■ c sz k i+1 ) 

Ho TeopeMe 15.51 npiiMeH^HHOH fljifl di = ki m Si = (c sz — b)ki-i, E aBjiaeTca SKCTpaKTopoM. 
ITpoBepiiM, hto oh HMeGT HyjKHbie napaMeTpbi. Bbi6epeM napaMeTp 6e3onacHOCTH s = k/2t, 
Tor^a no BbiSopy t MHHHMajibHan SHTponna E 6yo,eT paBHa fcj+(t— l)s > k. OneBn^HO, 
t = O(logn), 3to fla^T HyjKHyio oneHKy Ha KOJinnecTBO cjiynanHbix Shtob. ,ZIajiee, k t+ i = 

b t+1 k' 'log(l/e) = Q^^k'logil/e)^ = fi(ELi fc i) = n ( k )- HaKOHen;, omnSKa E paBHa 

Yti=i 2 ~ kt/5 + (* - l)e + (< - l)s2- s / 3+3 , hto c yn^TOM toto, hto k = 0(log(l/e)), fla^T 
TpeSyeiviyio oneHKy. ,ZIjih nojiHoro ^OKa3aTejibCTBa ocTajiocb 3aivieTHTb, hto nojiHHOMHajibHaa 
BbinncjiHMOCTb E TaK>Ke cjie^yeT H3 TeopeMbi 15.51 □ 

ConocTaBJiHH pe3yjibTaTbi TeopeMbi 15.61 n JieMMbi 15.91 nojiynaeM, hto ^jih Bcex k cyme- 
CTByeT nojiHHOMHajibHbin (k, £)-3KCTpaKTop E: (n) x (d polylog(n) log(l/e)) — > (Q(k)), r^e 
d — KOJinnecTBO cjiynaimbix 6htob, Heo6xo,a,HMbix pjia paSoTbi M^p^mepa. O^HaKO, stot 3kc- 
TpaKTop «H3BjieKaeT» eiu,H, He bcio MHHHMajibHyio SHTponnio ncxoflHoro pacnpe^ejieHHfl, a 
jinnib KaKyio-TO en; (pnKcnpoBaHHyio flojno. Mojkho MOflH(pHn;HpoBaTb ajiropnTM, htoSm «H3- 
BJienb cjiynaiiHOCTb» nojiHOCTbio. ^Jia SToro HaM ^ocTaTonHO nocTponTb (k, e)-3KCTpaKTop 
E: (2k) x (d) —»•(& — 0(k/ logn)). 

IloKajKeM, KaK mokho yBejinnnTb KOJinnecTBO H3BjieKaeMbix 6htob, ncnojib3ya o^hh h 
tot >Ke SKCTpaKTop. IlycTb BKCTpaKTop E «H3BjieKaeT cjiynanHOCTb» H3 Bcex pacnpe^ejiHHn 
c MHHHMajibHon 3HTponnen He MeHbnie k. Mto Sy^eT, ecjin no^aTb eiviy Ha Bxofl pacnpeflejie- 
Hne c MHHHMajibHofi 3HTponneH K ^ k? Mojkho ^encTBOBaTb no cjie^;yioni;eMy ajiropnTiviy: 
npHMeHaTb SKCTpaKTop MHoro pa3 k oflHofl h Toii ace CTpoKe, KajK,n;biH pa3 c HOBbiM Ha6o- 
poM cjiynanHbix 6htob r^, noKa cyMMapHaa ^JinHa Bbixo^a Ha npeBbicnT K — k. B TaKOM 
cjiynae c bbicokoh BepoaTHOCTbio ycjiOBHoe pacnpe^ejiemie (X\E(x, r±) . . .E(x, r t )) 6y^eT 
no-npe>KHeMy nivieTb MHHHMajibHyio SHTponnio He MeHbnie k. Bojiee tohho yTBepjK^eHHe 
mojkho ccpopMyjinpoBaTb b BH^e flByx jieMM, ^OKa3aHHbix b [8]. 
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JleMMa 5.10. IIpednojioMCUM, umo 3ah Henomoposo k cymecmeyem noAUHOMuaAbHO eu- 
hucaumuu (k, e)-3KcmpaKmop E k : (n) x (d) — > (m). Tosda 3ah gchkux K ^ k, napaMempa 
6e3onacHocmu s > u t G iV cymecmeyem noAUHOMuaAbuo 6uhucaumuu (K , t(e + 2~ s ) )- 
SKcmpaKmop E: (n) x (td) — > (minjtm, K — k — s}). 

JleMMa 5.11. IJpednoAoatcuM, nmo 3am ecex k > k! cymecmeyem noAUHOMuaAbHO eunucAU- 
muu (k, e(n) J-aKcmpanmop E k : (n) x (d(n)) — > [kj /(n)). Tozda 3am ak>6ozo k cymecmeyem 
noAUHOMuaAbuo euuucAUMUu (k, f(n) logn(e+2~ d ^) )-3KcmpaKmop E: (n) x (0(/(n) logn- 
d{n))) -»• {k-k'). 

ConocTaBHB pe3yjibTaTbi jigmm [5T9l n 15.111 nonynaeM cjieflyiomee 

Cjie^CTBHe 5.12. Ilycmb 3am ecsiKoso k ^ k! = k'(n) cymecmeyem noAUHOMuaAbuo 
eunucAUMUU e-M^pdMcep M: {k) n x (d) — > (aA;), zde l/c sz < a < 1, Tosda 3ah ecsi- 
kozo k cymecmeyem noAUHOMuaAbuo 6uuucaumuu (k, po\y(n)e)-9KcmpaKmop E: (n) x 
(0(fc'lognlog(l/e) + log 2 n • d)) -> (A;). 

(HeflocTaiomHe k! Shtob mojkho CKoniipoBaTb HenocpeflCTBeHHO H3 cjiynanHbix, ot SToro 
napaMeTpbi He yxyznnaica) 

Tenepb nocTpoHM Heo6xo^,HMbie Mn,p,a,>Kepbi. B |15| nocTpoeHbi cjie,a,yioiu,He SKCTpaKTopbi: 

JleMMa 5.13. Ilycmb k{n) ^ n x l 2Jrl 3ah Henomoposo 7 > 0. Tosda 3ah ak>6o20 £ cymecmey- 
em noAUHOMitaAbHO eunucAUMUU (kin), e )-9KcmpaKmop E: in) x (0(log 2 nlog(l/£))) — > 
{k 2 {n)/n) 

Ha nx 6a3e mojkho nocTponTb HyjKHbie Mn,p,n;»cepbi. A hmchho, BepHa cjieflyioinaa 

JleMMa 5.14. Ilycmb b > 1, a f(k) = f{k{n)) — manan (pynKi^usi, umo f(k) ^ \fk u 
3am aw6o20 k ^ ko(n) f(k) ^ b logn. Tozda 3am ecex k ^ k cymecmeyem e-M^pdotcep 
M: {k) n x (lognpolylogO) ■ f 2 {k) log(l/e)) —> (k — k/b), 

JJoKa3ameAbcmeo. Ho jieMMe 15.131 cymecTByeT nojinHOMnajibHO BbinncjinMbin ik/f(k), e)- 
3KCTpaKTop E: (2k) x (0(log 2 k log(l/£))) — > k/f 2 (k). (3flecb ncnojib3yeTcn HepaBeHCTBO 
/!/■•) < \/k) 

^ajiee, no JieMMe 15.101 cymecTByeT nojinHOMnajibHO BbinncjinMbin (A;, poly(A;) • e)-skc- 
TpaKTop E: {2k) x (0(/ 2 (A;) log 2 fclog(l/e))) -> (k - k/f(k)). 

HaKOHen,, no TeopeMe 15 . 61 cymecTByeT nojinHOMnajibHO BbinncjinMbin (logn poly (k)-e)-M^p- 
pjKep M: (k) n x (0(lognpolylog(A;) • / 2 (A;) log(l/e))) — >• (k — logn • k/f(k)). IlocKOJibKy 
kj f(k) ^ k/blogn ^jia Bcex k ^ k , nivieeM logn ■ kj f(k) ^ k/b, hto h Tpe6oBajiocb. □ 

3Ta jieMMa no3BOJiaeT nocTponTb SKCTpaKTopbi, KOTopbie nojmocTbio «H3BjieKaiOT cjiy- 
nanHOCTb» H3 pacnpeflejieHnii c bmcokoh MHHHMajibHon 3HTponneii. BHanajie 3aivieTHM, hto 
mm MO>KeM nojiynnTb TpeSyeMbie M^p^JKepbi: 

Cjie^CTBHe 5.15. ^ah ecex k ^ 2 v/logri cymecmeyem (polylog(n) • e)-MH s p3ow.ep 

M k : (k) x (polylog(n)log(l/e)) -> (Q(k)). 
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JJoKasameAbcmeo. Bo3bMHM f(k) = log c k ^jia HeKOToporo c > 2. Torija npii jiioSom b, 
k ^ 2 y ' logn h ^ocTaTOHHO 6ojibinoM n hmcgm log c k ^ b log n, no3TOMy mojkho npiiMGHHTb 



IlojiyHeHHbiH SKCTpaKTop «H3BJieKaeT cjiynanHOCTb» nojiHOCTbio, ho Hcnojib3yeT CBepx- 
nojiHJiorapn(pMHHecKoe hhcjio cjiynaftHbix 6htob. Mm mo^kem yMeHbniHTb bto hhcjio MeTO- 
/i,om KOMno3Hn,HH SKCTpaKTopoB. IlpaBfla, 3a chtt SToro bhobb BbipacTeT Tpe6yeMafl mhhh- 
MajibHaa SHTponira. A hmchho, 

JleMMa 5.17. Ilycmb e ^ 2~ n7 djw neKomopozo 7 < 1. Tozda cymecmeyem f3 < 1, ma- 
Kan umo 3jih ecex k ^ rfi cymecmeyem nojiunoMuajibHO buhucjiumuu (k, poly(ra) ■ e)- 
ancmpanmop E: (n) x (polylog(n) log(l/£:)) — > (Cl(k)) 

M 

JJ l OKa3amej\, r bcmeo. IIojiojkhm S = (1 — r y)/2 n (3 = 1 — 5/2. Bo3bmhm E = Bk O E SZl r^e 

• E sz — (nP, e)-3KCTpaKTop E: (n) x (0(log 2 nlog(l/e))) — » (n 2 ^" 1 ) 113 jieMMbi [5.13t 

• Bk — SKCTpaKTOp H3 CJIGflCTBHH 15.161 

• M — M^p^>Kep H3 CJie^CTBHfl 15.151 

IlocKOJibKy n 213 ' 1 = n^n 1 = fi(2^ E ^log(l/e)), SKCTpaKTop E KoppeKTHO onpeflejiHH. IIo 
Teopeivie l5.2l -E aBJiaeTca nojiHHOMnajibHO bmhhcjihmmm (k+n 13 +n' y , poly(n)-e)-3KCTpaKTopoM 
E: (n) x (polylog(n) log(l/£r)) — > B HacraocTH, ecjin H^X) = Q^n 13 ), mm H3BjieHn,M 

f^ifoopf)) 6htob, hto h TpeSoBajiocb b TeopeMe. □ 

HaKOHen,, mm mojkcm bhobb, coxpaHHB nojiHjiorapncpMHHecKoe hhcjio cjiynanHbix Shtob, 
nepefiTH k npon3BOJibHOH MHHHMajibHOH BHTponnn h nojiynnTb HToroByio TeopeMy. 

TeopeMa 5.18. JJam ak>6ux 7 < 1, e ^ 2~ nl u k = k(n) cymecmeyem noAUHOMuajitno 
eunucAUMUU (k, e)-9KcmpaKmop E: (n) x (polylog(n) log(l/£:)) — > (A;) 

JJoKasameAbcmeo. Ho jieMMe l5.Hl jieMMa [5 . 1 71 BJiennT cymecTBOBaHne nojiHHOMnajibHO bm- 
HHCJiHMoro (n, poly(n) • £:)-3KCTpaKTopa E 1 : (2n) x (polylog(n) log(l/e)) — > (n — n^). 

^ajiee, cymecTByeT KOHCTaHTa c, 3aBHCHmaH tojibko ot 7, TaKaa hto ^jih Bcex log c n ^ 
k ^ n BBinojiHeHO logn • A/ 3 ^ fc/c, r^e c TaKOBO, hto l/c s2; < 1 — 1/c < 1. OTCio^a no 
TeopeMe 15.61 mia bchkoto k cymecTByeT nonHHOMHajiBHO bbihhcjihmbih poly(n) • e-M^p^>Kep 



M: (k) n x (polylog(n) Iog(l/e)) —> (k — k/c). 

HaKOHen;, no cjie^CTBHio 15.121 nojiynaeM ^;jih jnoSoro k nojiHHOMnajibHO BbinncjiHMbin 
(k, poly(n) • e)-3KCTpaKTop E: (n) x (polylog(n) log(l/e)) — > (A;), riojiaraa e' = e/ poly(n), 



jieMMy 15.141 



□ 



noflCTaBHB 3tot pe3yjibTaT b cjie^CTBHe 15.121 nojiynaeM 



Cjie^CTBne 5.16. JS^jm .11106020 k cymecmeyem (k, poly(n) ■ s)-3KcmpaKmop 




nojiynaeM b tohhocth yTBepjK^eHHe TeopeMM. 



□ 
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6. 3KCTpaKTop TpeBHcaHa 



B 1999 rofly JI. TpeBncaH (Luca Trevisan) b CTaTbe |16| onncaji coBepnieHHO HOByio 
KOHCTpyKB^Hio SKCTpaKTopoB Ha ocHOBe noHaTHH nceBflocjiyaaiiHoro reHepaTopa, KOiviSHHa- 
TopHoro ^H3aiiHa h ko^ob, HcnpaBJiaioruiix oihhSkh. 3Ta KOHCTpyKirna ropa3,n;o nporue Bcex 
npe^bi^ymnx h (b ycmieHHOM BH^e, oniicaHHOM b |12j ) ,naHT jiy^nme napaMeTpbi SKCTpaK- 
Topa. 

6.1. ^H3aHHbI 

,Hii3aHHOM Ha3biBaeTca Ha6op noflMHOJKecTB HeKOToporo MHoacecTBa, HMeroirrnx oflima- 
KOBbifi pa3Mep h MajieHbKne nonapHbie nepeceaeHiia. Bojiee CTporo: 

Onpe^ejieHne 6.1. IlycTb ,naHO mhcokcctbo pa3Mepa d (HanoMHiiM, mm o6o3HaHajin ero [d]). 
CeivieHCTBO MHoacecTB Si, . . . , S m C [d], KajK^oe H3 kotopmx HMeeT pa3Mep /, Ha3biBaeTca: 

• (I, p)-flH3aiiHOM (design), ecjin pjisi Bcex i ^ j BbinojiHeHO \Si fl Sj\ ^ logp; 

• cjia6biM (/, p)-flH3anHOM (weak design), ecjin ^jih Bcex j BbinojiHeHO 



• paBHOMepHbiM cjia6biM (/, p)-flH3anHOM (uniform weak design), ecjin ,n;jia Bcex j bbi- 



OneBHflHO, jik)6oh flH3afiH aBJiaeTca paBHOMepHbiM cjia6biM ^noaiiHOM c Teivin ace napa- 
MeTpaMH, a paBHOMepHbift cjiaSbin flH3anH — cjia6biM ,n;H3aHHOM. OSpaTHoe, pa3yMeeTca, 
HeBepHO. 

H3BecTHbi cjie^yiomne KOHCTpyKirnn ,a,H3aHHOB: 

JleMMa 6.1 ([IE], [12]). JJam ecex I, m u p = p(l, m) > 1 cyu^ecmeyem na6op S Muoofcecme 
Si, . . . , S m C [d], Kaotcdoe U3 nomopux UMeem pa,3Mep I, Komopuu sieAsiemcsi: 

• (I, p)-du3auH0M npu d = 0(l 2 m 1 ' p )/ p; 

• cjicl6um (I, l)-du3auH0M npu d = 0(l 2 \ogm); 

• paenoMepnuM cjigl6um (I, p)-3u3aunoM npu d = 0(/ 2 /logp). 

BoAee rnozo, amom na6op S momcho nojiyuumb demepMUHupoeannuM aAsopurriMOM 3a epe- 
mh 0{2 d m) djitt du3auna u 3a epeMM poly(m, d) 3am CAa6oso u paenoMepnoso cjia6ozo 
du3au,Hoe. KoHcmpynu^uu 3ah CAa6ozo u paenoMepnozo CAa6oso du3au,Hoe o6Aadawm meM 
ceoucmeoM, umo AK>6oe ux nodMHOMcecmeo euda {Si, . . . , Si} manatee neAHemcH coomeem- 
cmeeuHO CAa6uM u paenoMepuuM CAa6uM du3au,H0M c meMU wee napajuempaMU. 

B pa6oTe |12| flOKa3aHa TaK»ce onTHMajibHOCTb nocjieflHnx flByx oneHOK. 



^2^1 ^p(m-l) 



i<3 



nojmeHO 




i<3 
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6.2. IIceBflocjiyHaHHbiH reHepaTop HHcaHa-BinyjepcoHa 

Cjieflyiomaa KOHCTpyKnna onncaHa b pa6oTe [9]. IlycTb ,a,aHbi mhokcctbo S = {s\ < 
■ ■ ■ < si} C [d] h y G {0, l} d . IlycTb yi — i-bm 6ht y. 06o3HaHHM nepe3 y\g cjiobo, o6pa30- 
BaHHoe SnTaMH y, jie>KanxHMH b S, t. e. y\s '■= y Sl ■ ■ ■ ys r 

Onpe^ejieHne 6.2. IlycTb ^aHbi cpyHKnna /: {0, 1}' — > {0, 1} h ceMeiicTBO S noflMHO- 
>KecTB Si,...,S m C [d] o^HHaKOBoro pa3Mepa I. Tor^a reHepaTopoM HncaHa-BHr^epcoHa 
Ha3biBaeTca (pyHKipia NW f)S : {0, If -> {0, 1}" , onpe^eji^HHaa paBeHCTBOM 

NW LS (y) = f(y\ Sl )...f(y\ Sm ). 

B pa6oTe [9j noKa3aHO, hto ecjin / HBJiaeTca TpyjjHOBbinncjiHMOH (pyHKHiieii, a 5 - 
flH3aiiH, to (pyHKB^na NWf t s fleficTBHTejibHO aBJiaeTca nceBflocjiynaimbiM reHepaTopoM. 

6.3. Ko/i,bi, HcnpaBjiaiomHe oiiih6kh 

06biHHO no/j; KOflaMH, iicnpaBJiaiomHMH oihh6kh, noHHMaiOT OTo6pa>KeHna H3 {0, 1}™ b 
{0, l} n , TaKiic hto paccToaHHe XsMMHHra (t. e. KOJiHHecTBO pa3JiHHaionTHxca 6htob) Me^KJxy 

JIK)6bIMH flByMa KOJJ,OBbIMH (t. e. Jie>KaiU,HMH B 06pa3e {0, 1}™) CJIOBaMH ,Z],OCTaTOHHO BejIHKO. 

HaM noTpeSyeTca Sojiee cjia6oe noHHTne kojj;ob, jjpnycKaioinHx «^eKOflHpoBaHHe cnncKOM» 
(list-decoding), t. e. TaKnx, hto b OKpecraocTH Kaacfloro KO^OBoro cjiOBa jiokht He Sojiee 
nojiiiHOMnajibHoro nncna ko^obbix cjiob. Mm 6yu;eM nojib30BaTbca KOJiaMH, cymecTBOBaHne 
KOTopbix yTBep>K^aeT cjie^yioinafl 

JleMMa 6.2. J^Jifi ecex n G N u 5 = 5(n) > cymecmeyem nod EC : {0, l} n — > {0, 1}™ 
dan neKomoposo n = poly(n, 1/5), manou umo ak>6ou (xaMMumoe) map e {0, 1}™ orrmocu- 
meAbHozo paduyca 1/2 — 5 codepMcum ne 6oAee 1/5 2 Kodoeux cjioe. Bojiee moso, 3Han ufinmp 
mapa x, mowcho a.mopumMuuecKU noAynumb cuucok npoo6pa3oe amux caob ( m. e. denodu- 
poeamb x cuuckom) 3a epeMH poly(n, 1/5). Mochcho maKcnce cuumamb, umo n HeAHemcn 
cmeneHbw deouKU. 

KjiaccnnecKHn npiiMep TaKoro KOjja — KOHKaTeHauna kojj;ob Ajjaiviapa h Pn^a-CojiOMOHa, 
jjaiomaa n = 0(n 2 /5 4 ). 

6.4. KoHCTpyiojHsi TpeBHcaHa 

3KCTpaKTop TpeBHcaHa ycTpoeH cjie^yioinHM o6pa30M. nojiynnB Ha bxo^ cjiOBa x G 
{0, l} n h y G {0, l} d , mm CHanajia 3aKOflnpyeM x ko^om EC H3 jieMMbi [6T2l nojiyHHB cjiobo 
^jiHHbi 2 l , KOTopoe 6ypfiM noHHMaTb KaK Ta6jiHn,y 3HaneHHH HeKOTopoii 6yjieBOH cpyHKn,HH /. 
A 3aTeM npHMeHHM k y reHepaTop HHcaHa-Bnrjj;epcoHa, nocTpoeHHbiii no / h HeKOTopoMy 
(cjiaSoiviy) flH3aHHy S. Bojiee cpopiviajibHO, 

Onpe^ejieHne 6.3. IlycTb n, d n m cyTb HaTypajibHbie nncjia, a 5 = 5(n) > 0. IlycTb 
ECs- {0, 1}™ — > {0, l} 2 — ko^; H3 JieMMbi [6T21 ^iJia Bbi6paHHoro 5, a S — ceMeiicTBO nojj;- 
MHOJKecTB Si, . . . , S m C [d] ojj;HHaKOBoro pa3Mepa /. ^jih x G {0, 1}™ o6o3HaaHM nepe3 x 
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(pyHKHino H3 {0, 1} b {0, 1}, 3a^,aHHyio TaSjiHHeii 3HaneHHH ECg(x). Tor^a (pyHKHiieii Tpe- 
BHcaHa Ha3biBaeTCH (pyHKHiui TRg^: {0, l} n x {0, l} d — > {0, l} m , 3a^aHHaa paBeHCTBOM 

TR 5 ,s(x, y) = NWs, s (y) = x(y\ Sl ) . ..x{y\sj- (5) 

Ilpn Ha^Jie>Kaiu,eM BbiSope napaMeTpoB (pyHKinia TpeBHcaHa aBjiaeTca SKCTpaKTopoM. 
A hmghho, BepHO cjie^yromee 

yTBep^c^eHne 6.3 ([12]). IJycmti k ^ n, d u m cymt uarnypaAbuue uucjia, as = e(n) > 0. 
Tozda (jjyHKi^utt Tpeeucana TRg t s, nocmpoeHHan 3am 8 = e/4m u cao,6o20 (I, p)-du3auna 
S, zde p = (k — 31og(m/£) — d — 3)/m, neAHemcH (k, e)-3KcmpaKmopoM. EoAee moso, ona 
HeAHemcH 3KcmpaKmopoM e cuAbHOM CMUCAe, m. e. K eudaHHUM 6umaM mochcho npunucamb 
noAyueHHue CAyuauHue 6umu c coxpaneHueM ceoucmea ancmpaKmopa. 

YTBepjKfleHHe 16.31 no3BOJiaeT nojiyniiTb cjieflyiomyio Teopeiviy: 

TeopeMa 6.4 (|12j). IJycmb m ^ k ^ n cymb namypaAbHue uucao,, a e > 0. Tozda 
cymecmeyem noAUHOMuaAbno buhucaumuu (k, ej-aKcmpanmop Ext: {0, 1}" x {0, l} d — > 
{0, l} m dAH 

• d = uau 

• d = 0(log 2 (n/e) log(l/7)), sde 1 + 7 = k/(m - 1) u 7 < 1/2. 

TaKHM o6pa30M, htoGm «H3BJienb bcio cjiy x iaHHOCTb» , HaM ^ocTaTOHHO 0(\og 2 (n/e) \ogk) 
flonojiHHTejibHbix cjiynaimbix 6htob, a hto6m «H3BJienb HeKOTopyio nocroaHHyio ^ojiio cjiy- 
naHHOCTH» — 0(\og 2 (n/e)) 6htob. H3 cbohctb cjia6oro flH3aiiHa cjie^yeT, ^ito SKCTpaKTop 
TpeBHcaHa 6y^eT npecpHKCHbiM. 

7. KoHCTpyKD,na PeiiHrojib^a-IIIajiTHSjia-BHr^epcoHa 

B 2001 rofly O. PenHrojib^, (Omer Reingold), P. IIIajiTHBJib (Ronen Shaltiel) h A. BHr^epcoH 
(Avi Wigderson) b CTaTbe |13| nyT^M KOM6nHnpoBaHHa Bcex npeflJio>KeHHbix paHee MeTOflOB 
nocTpoHJin HaHJiyHinne H3 H3BecTHbix Ha ceroflHaniHHH ^eHb SKCTpaKTopbi. A hmghho, rjis 
Bcex k nocTpoeHbi SKCTpaKTopbi c m = ck h d = 0(logn(log logn) 2 ) ^jia npoH3BOJibHOH 
KOHCTaHTbi c < 1. Jleiviivia f5.HI BJI6HHT cymecTBOBaHne fljia Bcex k 3KCTpaKTopoB c m = k 
h d = 0(log 2 n(loglogn) 2 ). Ilpn nocTpoemiH sthx SKCTpaKTopoB Hcnojib30Bajica TaKOH hh- 

CTpyMGHT, KaK KOH^eHCepbl. 

Onpe^ejieHne 7.1. <J>yHKHiia Con: {0, l} n x {0, l} d — > {0, l} n Ha3biBaeTca (k, k' , e)~ 
KOH^eHcepoM, ecjiH ^jia jnoSoro pacnpe^ejieHHa X Ha {0, 1}™ c H 00 (X) ^ k cymecTByeT 
TaKoe pacnpe^ejieHHe Y Ha {0, l} n , hto H^iY) ^ k' h dist(Y, Con(X. Ud)) < £■ 
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TaKHM o6pa30M, b otjihhhc ot SKCTpaKTopa, KOH^eHcep He «H3BjieKaeT cjTynanHOCTb», a 
jiHiiib «KOH^eHCHpyeT» en, Ha HeKOTopoM MeHbHieM nncjie Shtob. 

B paSoTe |13| noKa3aHO, KaK nocTpoHTb nojiHHOMHajibHO BbinncjinMbie KOH^eHcepbi, h 
KaK H3 hhx nocTpoHTb SKCTpaKTopbi nyTHM nocjieflOBaTejibHoro npHMeHemiH. Ilpn nocTpoe- 
hhh KOHfleHcepoB Hcnojib3yiOTca MeTO/ibi, noxoacne Ha aHajiH3 pa3JiHHHbix njioxnx MHoacecTB 
b TeopeMe 15 . 2L 

8. TeopeMa MynmiKa 

8.1. Onpe^ejieHne KOJiMoropoBCKOH cjioxchocth 

/],apM cpopMajibHoe onpe^ejieHne KOjnvioropoBCKon cjiojkhocth. 

Onpe^ejieHne 8.1. IlycTb (p — HeKOTopbiii ajiropnTM, kotopmh nepeBO^HT napbi iXBOHHHbix 
cjiob b ^BOHHHbie cjiOBa. Tor/ia ycjiOBHofi KOJiMoropoBCKOH cjioacHOCTbio KStp(A\B) cjiOBa 
A OTHOCHTejibHO cjiOBa B npn cnoco6e onncaHHa ip Ha3biBaeTca fljiHHa KpaTnanniero cjiOBa 
P, TaKoro hto <f(P, B) = A. 

Cpejjn Bcex cnoco6oB onncaHHa Han^Tca onTHMajibHbin. A nivieHHO, BbinojiHeHO cjiejjy- 
lomee 

yTBepxc^eHHe 8.1. Cymecmeyem manou cnoco6 onucanun ip, umo djisi ak>6oso cnoco6a 
onucanun (p u ecex cjiob A u B eunoAHeno KS 1 p(A\B) ^ KS ip (A\B) + 0(1). Ltpu amoM 
KOHcmanma e 0(1) 3aeucum om <p, ho ne om A u B. 

Onpe^ejieHne 8.2. Ycjiobhoh KOjnvioropoBCKon cjioacHOCTbio KS(A\B) cjiOBa A othoch- 
TejibHO cjiOBa B Ha3biBaeTca KS^(A\B), r,n;e ip — cnoco6 onncaHHa H3 npe/ibi/iyinero yTBep- 
>K^eHHa. KojiMoropoBCKoii cjiojkhoctbio KS(A) cjiOBa A Ha3biBaeTca KS(A\A), r^e A — 
nycToe cjiobo. 

IfeynaiOT TaK>Ke KOJiMoropoBCKyio cjiojkhoctb c orpaHHHemieM Ha pecypcbi. 

Onpe^ejieHne 8.3. IlycTb — HeKOTopbin ajiropnTM (fljia MHorojieHTOHHon ManiHHbi Tbio- 
pHHra), KOTopbiii nepeBO/iHT napbi jjBOHHHbix cjiob b ijBOHHHbie cjiOBa. Torjja ycjiOBHon 
KOJiMoropoBCKOH cjiojKHOCTbio C^ S (A\B) cjiOBa A OTHOCHTejibHO cjiOBa B 3a Bpeivia t Ha 
30He s npn cnocoSe onncaHHa (p Ha3biBaeTca iiJinHa KpaTnanniero cjiOBa P, TaKoro hto 
<p(P, B) — A, n (p(P, B) BbiHHCJiaeTca 3a BpeMa t Ha 30He s. 

yTBep>KfleHHe o cymecTBOBaHnn onTHMajibHoro cnocoSa onncaHHa npnHHMaeT cjie^yio- 
ihhh bhjj,: 

YTBep^c^eHHe 8.2. Cymecmeyem maKou cnoco6 onucanun ip, umo 8ah aw6o20 cnoco6a 
onucanun (p cymecmeyem manasi Koncmanma c, nmo ecex CAoe A uB eunoAHeno C^ logt,cs {A\B) 
C^(A\B) + c. 
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J1io6oh cnocoS onncaHHa, ya,OBjieTBopaioiii,HH STOMy yTBep>K^eHHio, mm SyijeM Ha3biBaTb 
onTHMajiBHbiM. B Tex cjiynaax, Kor^a BbiSop KOHKpeTHoro onTHMajibHoro cnoco6a onncaHHa 
Ba>KeH, mm 6ya,eM ero yTOHHaTb. OGmhho paccMaTpnBaiOT cjiojkhoctb jihSo c orpaHnneHneM 
tojibko Ha BpeMa, jihSo c orpaHHHemieM tojibko Ha naiviaTb. YcjiOBHivica, hto o^hh HH^eKC 
03HanaeT orpaHnneHne Ha BpeMa, a orpaHnnemie tojibko Ha naiviaTb 6yn;eM 3anncbiBaTb KaK 

Jlflu orpaHnneHHa Ha pecypcbi Taioite paccMaTpHBaiOT cjio>khoctb pa3JinneHHa, KOTopaa 
He fla^T HHaero HOBoro ^Jia oSbihhoh cjio>khocth. 

Onpe^ejieHne 8.4. IlycTb f — HeKOTopbra ajiropnTM, KOTopbin nepeBO^HT tpohkh ^,bohh- 
hmx cjiob b {0, 1}. Tor^a ycjiOBHOH KOJiMoropoBCKoii cjiokhoctbio pa3JiHaeHHa CD^ S (A\B) 
cjiOBa A OTHOCHTejiBHO cjiOBa B 3a BpeMa t Ha 30He s npn cnocoSe onncaHHa if Ha3biBaeTca 
^jiHHa KpaTHanniero cjiOBa P, TaKoro hto <f(P, U, B) = 1, ecjin U = A, <f(P, U, B) = ^jih 
U 7^ A, h if BbiHHCJiaeTca 3a BpeMa t Ha 30He s. 

By^eivi roBopHTb, hto P — sto nporpaMMa, npHHHMaionraa U, ecjin <f(P, U, B) = 1, 
h OTBepraiomaa b npoTHBHOM cjrynae. Be3ycjiOBHaa h He 3aBHcainaa ot cnocoSa onncaHHa 
cjiojKHOCTH pa3JinneHHH BBO^aTca aHajiornnHO npe/jbyryiniiM. TaKace mojkho onpe^ejiHTb 
cjioJKHOCTb pa3JiHneHHa, pejiaTHBH30BaHHyio OTHOCHTejiBHO HeKOToporo opaxyjia. B pa6o- 
Te [2| ^OKa3aHa cjie^yiomaa oneHKa: 

TeopeMa 8.3. Haud^mcn manou hoauhom p(n), umo 3am ak>6o20 Muootcecmea S u ecex 
A G S =n = S H {0, l} n eunoAHeno 

CD P ' S (A) < 21og|S =n | +0(logn). 

BoAee moso, Haud^mcn npospaMMa, ydoeAemeopHtou^aH smou ov,eHKe, cnpamueatomaH opa- 
KjjA moAbKO omnocumeAbHO ceoeso exoda u omeepzawv^aH ezo, noAynue ompui^ameAbHuu 
omeem. 

Cjio>KHOCTb c orpaHHneHHeM Ha pecypcbi h cjio>KHOCTb pa3JinHeHna mo>kho paccMaTpn- 
BaTb fljia BbiHHCJiHTejibHbix MOflejiefi, otjihhhmx ot JieTepMHHHpoBaHHbix ManiHH TbiopHHra. 
^aflHM cooTBeTCTByioinne onpeflejieHHH, 6yn;eM cnHTaTb, hto if — onTHMajibHbiH cnoco6 onn- 
caHHa. 

Onpe^ejieHne 8.5. BepoaTHOCTHoft cjio>KHOCTbio CBP t,s (A\B) Ha3biBaeTca fljiHHa KpaT- 
naHinen nporpaMMbi P, TaKofl hto Pr [<f(P, B, r) = A] > 2/3, n <f(P, B, r) paSoTaeT BpeMa 
t Ha 30He s fljia Bcex r. 

IlycTb ip n — onTHMajibHbiH cnoco6 onncaHHa cpe/in HejxeTepMHHnpoBaHHbix ManiHH Tbio- 
pHHra. 

Onpe^ejieHne 8.6. HefleTepMHHnpoBaHHon cjio>KHOCTbio CN t,s (A\B) Ha3biBaeTca fljinHa 
KpaTnanHien nporpaMMbi P, TaKofi hto (f n (P, B) 3aKaHnnBaeT pa6oTy xoth 6m fljia oflHoii 
BeTBH ajiropnTMa, B03BpanraeT x, ecjin 3aKaHHHBaeT pa6oTy, n pa6oTaeT BpeMa t Ha 30He s. 
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Onpe^ejieHne 8.7. Cjiojkhoctbio ApTypa-MepjiHHa CAM t,8 (A\B) Ha3biBaeTca ^jiHHa KpaT- 
HaHinen nporpaMMbi P, TaKOH hto BepoaTHOCTb Toro, hto <fi n (P-> B, r) 3aKaHHHBaeT pa6oTy 
xoth 6m fljia o,h,hoh bgtbh h Ha Bcex TaKHx bctbjix B03BpamaeT x, Sojibine 2/3, h (p n (P, B, r) 
pa6oTaeT 3a Bpeivia t Ha 30He s fljia Bcex r. 

AjiropHTMbi, Hcnojib3yioiinie He^eTepMHHH3M h cjiynaHHOCTb, yo,o6HO paccMaTpHBaTb 
KaK nrpy ^Byx nrpoKOB: ApTypa h MepjiHHa. ApTyp o6jiaflaeT nojiHHOMHajibHbiMH bmhhc- 
jiHTejibHbiMH cnoco6HOCTHMH, a MepjiHH o6jia^;aeT choco6hoct5imh MarnnecKHMH h mojkct 
yra^biBaTb cepTH(pHKaTbi ^jih 33MK0B H3 NP. Ilpn 3tom h ApTyp, h MepjiHH MoryT ncnojib- 
30BaTb cjiyaaftHOCTb H3 o6mero HCTOHHHKa. MepjiHH CTpeMHTca BbmyirHTb ApTypa bbihho 

JIHTb HeBepHO. ECJIH C 60JIbHI0H BepOflTHOCTbK) 3TO y Hero He nOJiyHHTCfl, TO H3bIK JIOKHT B 

AM. 



8.2. ^OKa3aTejibCTBO TeopeMbi MyHHHKa npn noMom,H 3KCTpaK- 

TOpOB 

J\jir flOKa3aTejibCTBa TeopeMbi 11.11 npn noMomii SKCTpaKTopoB HaM noTpe6yeTca cjie^y- 
romaa jieMMa, ,a,OKa3aHHaa b CTaTbe JI. cDopraoy [2]. ByijeM paccMaTpHBaTb SKCTpaKTop KaK 
flByijojibHbiH rpacp. 

JieMMa 8.4. Ilycmb cyv^ecmeyem aKcmpanmop c napaMempaMU n, k, d, m, e. Ilycmb S — 
nodMHOMcecmeo ezo Jieeou dojiu pa3Mepa K = 2 k . Hasoe^M «uaoxumu» SACMenmu npaeou 
dojiu, UMetomue 6oAbiue 2DK/M cocedeu U3 S , u SACMenmu S , ece cocedu Komopux iiaoxuc 
Tozda uaoxux 9AeMeHmoe S ne 6oAbiue neM 2eK . 

JJoKa3ameAt>cmeo. BHanajie oueHHM pa3Mep MHOJKecTBa Y hjioxhx ajieivieHTOB npaBofl ^ojih. 
Ilo onpeflejieHHio SKCTpaKTopa HMeeM e > ^^T^ — r^e E(S, Y) — KOJinaecTBO p'rSep, 
Be^rymnx H3 S b Y . Ilo Bbi6opy Y HMeeM E(S, Y) is \Y\ '^xf-, OTKyira noflCTaHOBKoii nojiyaa- 
eM \Y\ < eM. ^ajiee, nycTb Bee coce^H MHOJKecTBa X nonajin b mhojk6ctbo Y . PaccMOTpnM 
paBHOMepHoe pacnpe^ejieHHe Ha MHoacecTBe S h npnMeHHM k HeMy Hani SKCTpaKTop . EIo 
CBoiicTBy SKCTpaKTopa mm ^ojiJKHbi nojiyHHTb pacnpe^ejieHne, £-6jiH3Koe k paBHOMepHOMy. 
HH^,yn,HpoBaHHaa SKCTpaKTopoM Mepa MHO>KecTBa Y He MeHbine nosTOMy 

< e, (6) 
OTKy^a c yHH,TOM \Y\ < eM nojiynaeM \X\ < 2eK, hto h Tpe6oBajiocb. □ 



\X\ \Y\ 

~W~Ti 



^OKa>KeM TeopeMy MynHHKa b cjie^yromeii (popMyjinpoBKe: 

TeopeMa 8.5. Ilycmb A u B — npouaeoAWue CAoea. Ilycmb cymecmeyem SKcmpanmop 
c napaMempaMU n = 1(A) (m. e. n paeno dAune A), k = KS(A\B), d = Q(\ogn), m = 
KS(A\B), e = 1/n 3 . Tozda naud^mcn caogo X Sauhu ne 6oAee KS(A\B) + 0(1), 
Komoposo KS(X\A) < d + 2 \ogn + 0(1) u KS(A\B, X) ^ d + 2 logn + 0(1). 
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TaKHM o6pa30M, Hcnojib30BaHHe onTHMajibHbix SKCTpaKTopoB no3BOJiaeT nojiyHHTb Teo- 
peMy My^HHKa b hcxo^hoh cpopMyjinpoBKe, a ncnojib30BaHHe ojihoh h3 hsbgcthbix koh- 
CTpyKn,HH — TeopeMy, b kotopoh nonpaBKH O(logn) 3aMeHeHbi Ha polylog(n), ho KOJinpoBa- 
Hne ocymecTBJiaeTca nojinHOMnajibHbiM ajiropHTMOM. 

ffoKaaame/ihcmeo meopeMu \8.5[ IlycTb E — 3KCTpaKTop, cymecTBOBaHne KOToporo yTBep- 
>Kjj,aeTca b ycjiOBHH TeopeMbi. Byzi,eM CHHTaTb, hto Bbi6op E nojiHOCTbio onpe,a,ejiaeTca na- 
paivieTpaMH n h m: jihSo SKCTpaKTop CTponTca no hhm nojinHOMnajibHbiM ajiropHTMOM, jih6o 
noaBJiaeTca nepBbiM b KaKOM-Hn6yjib ecTecTBeHHOM nopa/iKe nepeSopa. Byu;eM paccMaTpn- 
BaTb jieByio jjojiio E k&k mhojkgctbo Bcex cjiob /iJinHbi n (cpe/in kotopmx ecTb A), a npa- 

ByK) — KaK MHO>KeCTBO BCeX CJIOB flJIHHbl 771, Cpe^H KOTOpblX Mbl Sy^eM HCKaTb X. PaCCMOT- 

Phm b jieBOH flojie MHO>KecTBO Sb Bcex cjiob P, fljia KOTopbix KS(P\B) ^ m. Oho hmcgt 
pa3Mep 0(2 m ), nosTOMy no jieiviivie [8741 iiojia «njioxnx» P (t. e. Bee coce/in kotopmx nivieiOT 
Sojibnie 2D coce/ren H3 Sb) b hhm He npeBbiniaeT ce = c/n 3 jjjia HeKOTopon KOHCTaHTbi 
c. IloKajKeM, nTO A He MOJKeT SbiTb «njioxnM». ^encTBHTejibHO, cbohctbo 6biTb «njioxnM» 
nepeaHCJiHMo: mm Moa<;eM nepeancjiaTb mhokcctbo Sb h Henocpe^CTBeHHOH npoBepKOH ycTa- 
HaBjiHBaTb, hto cjiobo njioxoe fljia yjKe nepeancjieHHOH nacTH Sb- TaKHM o6pa30M, ecjin 6bi 
A 6mjio njioxHM, to npn h3bccthom B ero mojkho Gbijio 6m 3a,a,aTb nncjiaMH m, n h HOMepoM 
b nepeSope Bcex njioxnx cjiob, hto Jiajio 6bi KS(A\B) ^ 2 logn + (m — 3 \ogn + 0(1)) < m, 
ojj;HaKO KS(A\B) = m, OTKyna HMeeM npoTHBopenne. 

3HanHT, y A ecTb xoponinn cocejj, cnpaBa. 06o3HanHM ero nepe3 X h noKa>KeM, hto oh 
yjj,OBjieTBopaeT TpeSoBaHnaM. /JencTBHTejibHO, KS(X\A) ^ 21ogn + d + 0(1): 21ogn 6htob 
Hy>KHO fljia 3ajj,aHHa n h m, d — jijia 3a^aHHa HOMepa X cpejjn cocefleft A. AHajiorHHHO npn 
H3BecTHbix B n X jjjiH 3a/iaHHa A /TOCTaTonHO yKa3aTb n, m n HOMep A cpeirn coce/ren X 
BHyTpn S: mm mojkcm nepenncjiaTb mhojkcctbo S, a 3HannT, n mhojkcctbo coce/ren X H3 5*. 
CymecTBOBaHne TpeSyeMoro b TeopeMe X ycTaHOBjieHO, tcm caMbiM TeopeMa jj,0Ka3aHa. □ 

8.3. TeopeMa MyHHHKa b cjiynae HecicojibKHx ycjiOBHH 

HcxoflHaa TeopeMa MynHHKa o6o6maeTca cjieiryioinHM o6pa30M: 

TeopeMa 8.6. nycrnb A, B u C — npou360At>Hue CAoea CAOMcnocmu ne 6oAee n, a k ^ I — 
HamypaAbHue hucacl, maKue umo KS(A\B) ^ k u KS(A\C) ^ I. Tozda Haudnmcn maKoe 
cAoeo X 3auhu ne 6oAee k + 0(\ogn) , umo KS(X\A) ^ O(logra), KS(A\B, X) ^ O(logn) 
u KS(A\C, X\i) ^ 0{\ogn) 3am npetpuKca X\i CAoea X 3auhu I. 

Hcnojib30BaHne SKCTpaKTopoB no3BOJiaeT jj;oKa3aTb cjiejj;yiOHi;yio TeopeMy: 

TeopeMa 8.7. nycrnb A, B u C — npou3eoAbnue CAoea caomchocthu ne 6oAee n, a k ^ I — 
HamypaAbHue hucacl, maKue umo KS(A\B) ^ k u KS(A\C) ^ /. nycrnb cyvj^ecmeyem 
npediuKCHUu SKcmpaKmop c napaMempaMU n. k, d, m = k, e = 1/n 3 . Tozda naud^mcH 
maKoe caogo X 3auhu ne 6oacc k + 0(\ogn) , umo KS(X\A) ^ d + 0(\ogn) , KS(A\B, X) ^ 
d + O(logn) u KS(A\C, X\ t ) ^d + O(logn). 
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/loKa3ameAbcmeo. Bhobb 6yzi,eM cjiejipBaTb jj,OKa3aTejibCTBy hcxojj,hoh TeopeMbi, nepeBOiifl 
ero Ha 33bik SKCTpaKTopoB. KaK h npe>K;j,e, mojkho CHHTaTb, hto iiJiHHa cjiOBa A paBHa ero 

CJIOJKHOCTH, TO eCTb 71. 

Bhobb SyfleM paccMaTpHBaTb jieByio jj;ojiio SKCTpaKTopa E, cyinecTBOBaHHe KOToporo 
yTBepjK^aeTca b ycjiOBHH, KaK MHoacecTBO Bcex cjiob jjjihhm n, a npaByio — KaK mhokcctbo 
Bcex cjiob jijihhbi m, cpe,ini kotopmx mm 6y^eM HCKaTb X. HaM noTpe6yeTCfl ycHJieHHbiH 
BapnaHT jieMMbi I8.4t 

JleMMa 8.8. IJycmb cyvj,ecmeyem SKcmpanmop c napaMempaMU n, k, d, m, e. IJycmb S — 
nodMHOMcecmeo ezo Aeeou dojiu pa3Mepa K = 2 k . Ha3oes,M «haoxumu» dACMenmu npaeou 
do.au, UMewu^ue 6oAbme 2DK/M cocedeu U3 S , u SAeM&nmu S , no Kpauneu Mepe noAoeuna 
cocedeu Komopux nAoxue. Tozda tiaoxux SAeMenmoe S ne 6oAbuie ueM AeK . 

JJoKa3ameAbcmeo. ,HoKa3aTejibCTBO noBTopaeT jj,OKa3aTejibCTBO jieMMbi IBT41 BnjioTb ;j,o Hepa- 
BeHCTBa (J§J), KOTopoe HyjKHO 3aivieHHTb Ha S — © < e, hto c ynnTOM \Y\ < eM noBJien^T 
Tpe6yeMyio oueHKy \X\ < AeK. □ 

Bhobb paccMOTpHM MHOJKecTBa Sb h Sc cjiob P, HMeiomnx ycjiOBHyio cjiojkhoctb He 
6ojibine k h I OTHOCHTejibHO B h C cooTBeTCTBeHHO. no jieMMe 18.81 jj;ojia njioxnx cjiob b 
KajKjj;oM H3 hhx He npeBbiniaeT c/n 3 , noaTOMy A He MoaceT SbiTb njioxHM hh jjjih ojjHoro 
H3 hhx. 3HanHT, jjjia KajKjj;oro H3 cjiob B h C y A 6ojibHie nojiOBHHbi xoponiHx coceflefi. 
CjieflOBaTejiBHO, xoth 6bi ojj,hh cocejj, 6yii,eT xoponiHM jjjih o6ohx. Ero mbi h bo3bm*tm b 
KanecTBe X. CBOHCTBa KS(X\A) ^ d + O(logn) h KS(A\B, X) ^ d+ O(logn) jj,OKa3biBa- 
iotch b tohhocth KaK paHbHie, nocjie/iHee cbohctbo cjie/xyeT H3 onpejj;ejieHHH npecpHKCHoro 
SKCTpaKTopa. □ 

g T y T eopeMy mojkho o6o6miiTb Ha npoH3BOJiBHoe kojihhcctbo ycjiOBHH: 

TeopeMa 8.9. Ilycmb A, B\, . . . , B p — npou3eoAbnue CAoea CAOcucHocmu ne 6oAee n, a 
ki ^ • • • ^ k p — namypaAbHue hucacl, manue umo KS{A\Bj) ^ ki 3am i = 1, . . . ,p. IJycmb 
cyu^ecmeyem npecfiuKCHUu SKcmpaKmop c napaMempaMU n, k, d, m = k, e = 1/pn 3 . Tozda 
Haudv ) mcsi manoe caobo X 3auhu ne 6oAee k\ + O(logn), umo KS(X\A) ^ d + O(logn), 
KS{A\B h X| fc J < d + O(logn) Am i = 1, . . . ,p. 

3aMeHanue. EIocKOJibKy jjjih onTHMajibHoro SKCTpaKTopa d = 0(\og(n/e)), to mm nojiyHHM 

TOHHOCTb O(logn) BMeCTO d + O(logn) JIHHIb Jj;jIH nOJIHHOMHajIbHblX p, KaK H b hcxojjhoh 

Teopeivie H3 [6]. 

8.4. TeopeMa MyHHHKa flJia cjioxchocth c orpaHHHeHHeM Ha na- 

MSTb 

HeMHoro HSMeH^HHaa KOHCTpyKn,HH H3 TeopeMbi 18.51 no3BOJiHeT pacnpocTpaHHTb yTBep- 
>Kjj,eHne TeopeMbi MynHHKa Ha KOJiMoropoBCKyio cjiojkhoctb c nojiHHOMnajibHbiM orpaHHne- 
HneM Ha naMHTb. 
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Teopeivia 8.10. Tlycmt A u B — npou3eoAbnue cjioea Sauhu ne 6oAee n, a p — npo- 
v,360AbHoe hucao. IJycmb 3ah ecex k ^ C°°' P (A\B) cymecmeyem SKcmpaKmop E k , eu- 
hucaumuu na 3one poly(n), c napaMempaMU n, k, d, m = k, e = 1/n 3 . Tosda Haud^m- 
ch CAoeo X Oauhu ne 6oAee C°°> P (A\B), manoe nmo C°°' poly ^(X\A) < d + O(logra) u 

C .oo,2 P+P oly(logp,n)^| jB) ^d + 0(\ogn). 

IlonbiTKa Hanpaiviyio pacnpocTpamiTb npKa3aTejibCTBO TeopeMbi MynHHKa Ha cjio^khocth 
c orpaHHHeHHeM Ha naiviaTb HaTajiKHBaeTca Ha TpyzrnocTb: njia HaxojK/xeHHa njioxnx cjiob 
jj;jia MHOJKecTBa Sb = {P \ C°°' P (P\B) ^ C°°' P (A|_B)} TpeSyeTca 30Ha, Sojibinaa p. A Tor/ia 
mm He CMOJKeM ^OKa3aTb, hto A xoponiee: yTBepx^eHHa C°° ,P (A\B)} = k h C°° ,p (A\B)} < 
k HenpoTHBopenHBbi npn p' > p. O^HaKO, 3Ty TpyirnocTb mojkho oSohth: jjjia xoponinx A 
nocTpoHM xeni-3HaHeHHe CTapbiM cnocoSoM, a ^Jia njioxnx paccMOTpHM hobmh SKCTpaKTop 
c MeHbineii npaBoii npjieft, h b hhm c/xejiaeM (peKypcHBHo) to me caivioe. TaKHM o6pa30M no- 
jiyHHTca HTepaTHBHbiH npouecc, Ha nocjieniieM mare KOToporo Bee cjiOBa 6ynyT xopohihmh. 

OnHHieM 3Ty KOHCTpyKITHIO CpOpMajIbHO. 

Onpe^ejieHne 8.8. ByneM tobophtb, hto mhokcctbo S nepenncjinivio Ha 30He p, ecjin cy- 
mecTByeT ajiropHTM, KOTopbiii no JiioSoiviy nncjiy z ^ \S\ Haxo/iHT z-bm sjieivieHT S, npn 
TaKOM Bxo^e 3aKaHHHBaeT paSoTy Ha 30He p, a npn hhom Bxo^e paSoTaeT Ha SojiBHieii 30He 
hjih ocTaHaBjiHBaeTca 6e3 B03BpameHHa pe3yjibTaTa. OneBHiiHO, sto SKBHBajieHTHO cjie^y- 
loineiviy: HeKOTopbifi ajiropHTM, paSoTaa Ha 30He p, nenaTaeT Bee cjiOBa H3 S Ha bmxojihoh 
jieHTe h ocTaHaBjiHBaeTca, hjih bmxojiht 3a npenejibi 30hm p, npn stom 3aHaTaa Ha bmxojihoh 
jieHTe 30Ha He cnnTaeTca. 

JleMMa 8.11. Tlycmb MHOMcecmeo S, codepmcav^eecH e Aeeou doAe aKcmpanmopa E^, ne- 
peuucAUMO na 3one p. Tosda MHoencecmeo Bad(S) haoxux dAH S c,Aoe nepeuucAUMO na 3one 
p + 21ogp + poly(n). 

J^oKasameAbcmeo. BHanajie noKajKeM, KaK mojkho nepenncjinTb Bad(S) Ha 30He p + \ogp + 
poly(n), ecjin p H3BecTHO. 3anycKaa ajiropHTM, nepenncjiaioinHH S, h orpaHHHHBaa 30Hy ero 
paSoTbi hhcjiom p, mm 6yjj,eM nojiynaTb cjiOBa P G S. IIojiyHHB onepeiiHoe cjiobo, npoBepHM, 
aBjiaeTca jih oho njioxHM, h ecjin aBjiaeTca, to HanenaTaeivi Ha bmxojihoh JieHTe. IIoKa>KeM, 
KaK ocymecTBHTb TaKyio npoBepKy. Byjj,eM nocjiejxpBaTejiBHO BbinncjiaTb Bcex cocejxeii cjiOBa 
P h npoBepaTb, aBJiaiOTca jih ohh hjioxhmh. Ecjih Bee HBJiaiOTca, 3HannT P njioxoe, HHane 
xoponiee. EIoKajKeM, KaK npoBepnTb, aBjiaeTca jih cjiobo X H3 npaBoii nacTH njioxHM. CHOBa 
6yjj,eM 3anycKaTb ajiropHTM, nepenncjiaioinHH S, orpaHHHHBaa 30Hy ero paSoTbi hhcjiom p. 
y Ka>Kjj,oro bhobb nojiyneHHoro cjiOBa 6yjj,eM BbinncjiaTb Bcex cocejj,eii h CHHTaTb, ckojibko 
H3 hhx coBnajj,aiOT c X. Ecjih o6mee hhcjio coBna^eHHH npeBbicnjio 2D, 3HanHT X njioxoe. 
HHane, t. e. ecjin ajiropHTM, nepeHHCJiaiomnii S, ocTaHOBHJica hjih nonbiTajica bmhth 3a 
npe^ejibi 30hm, a hhcjio coBnafleHHii He npeBbicnjio 2D, X xoponiee. 

riocnHTaeM Hcnojib30BaHHyio 30Hy. SaivieTHM, hto b npon;ecce BbinncjieHna, 3aHHMaioni;ero 
30Hy p, HaM He Hy>KHO o6pam,aTbca k jj,pyroMy BbinncjieHHio, 3aHHMaioni,eMy TaKyio me 30Hy. 
3HannT, Bee TaKne BbinncjieHHa mm MO>KeM npoBO^HTb Ha o^hoh h toh me 30He p + \ogp, 
rjj;e logp HyjKHO fljia KOHTpojia HeBbixojj;a 3a 30Hy p. ,ZIJia BbinncjieHna cocefleii cjiOBa H3 
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jieBoii flOJiH ^ocTaTOHHO 30hm poly(n), ,a,jiji ocTajibHbix BMHHCJieHHii (nepe6opoB h xpaHeHHH 
npoMejKyTO^Hbix pe3yjibTaTOB) ^ocTaTOHHO 30hm 0(n). B oGineii cjio>khocth nojiynaeM 30Hy 
p + \ogp + poly(n). 

Tenepb noKajKeM, KaK cjxejiaTb to jxe caMoe, He 3Haa 3apaHee p, Ha 30He p + 2\ogp + 
poly(n). 06o3HanHM nepe3 S q MHoacecTBO, KOTopoe nepenncjiaeT ajiropHTM, nepenncjiaio- 
iHhh S : c orpaHH^eHHeM q Ha 30Hy ero pa6oTbi. OneBHflHO, rjih q < q' BepHO S q C S q / 
h Bad(S q ) C Bad(S q >). Bocnojib3yeMca bthm cpaKTOM: 6y^eM nocjieflOBaTejibHO 3anycKaTb 
npeflbiflynniH ajiropHTM jj,jiji q = 1, 2, 3,.... Ecjih Ha BTane c orpaHHneHneM q nojryneHO, 
hto cjiobo P njioxoe, npoBepHM, hbjihjiocb jih oho njioxHM Ha npejTM,zryiH;eM 9Tane (c orpaHn- 
HeHHeM q — 1), h ecjin He hbjihjiocb, to HanenaTaeM ero Ha bbixo^hoh jieHTe. TaKHM o6pa30M, 
njioxne fljia S cjiOBa SyuyT nenaTaTbca b jrpyroM nopajTKe, ho KajKJXpe no ojTHOMy pa3y. PaHO 
hjih no3^,HO ajiropHTM floii^T /40 g = p, m Bee njioxne ^Jia S cjiOBa k STOMy BpeMeHH SyzryT 
nepenHCJieHbi. Elo cpaBHeHHio c npeJXMJxymHM ajiropnTMOM, noTpe6yeTca ^onojiHHTejibHaa 
30Ha \ogp fljia opraHH3an;HH nepe6opa Bcex q, h 0(n) jj;jih xpaHeHna npoMejKyTOHHbix pe- 
3yjibTaTOB bo Bpeivia npoBepKH, HBJiHJiocb jih nojiyneHHoe cjiobo njioxHM Ha npe,n;M,zi;yiH;eM 
BTane. TaKHM o6pa30M, oGmaa 30Ha cocTaBHT p + 21ogp + poly(n), hto h Tpe6oBajiocb. □ 

JleMMa 8.12. Hnootcecmeo Sb = {P \ C 00 ' P (P\B) ^ k}, jie r jtcavj,ee e Aeeou dojie 9KcmpaK- 
mopa E k , nepeuucAUMO na 3one 2p + 21ogp + 0(n). 

JJoKasameAbcmeo. KaK h b npejTM,zryiH;eH JieMMe, npejrnojiojKHM BHanajie, hto nepenncjiH- 
romeMy ajiropHTMy H3BecTHO p. Byn;eM nepeSnpaTb Bee onncaHna jj;jihhm k h 3anycKaTb Ha 
hhx onTHMajibHbiH cnoco6 onHcaHHH ip c orpaHHneHHeM Ha 30Hy p. OflHOBpeMeHHO 6yn;eM 
CHHTaTb KOJinnecTBO HiaroB ajiropHTMa ip h npHHy^HTejibHO ocTaHaBjiHBaTb ero pa6oTy, ec- 

JIH 3TO KOJIHHeCTBO npeBblCHT TP (bTO 3HaHHT, HTO Ip 3aiTHKJIHJICs) . EcjIH Ip 3aKaHHHBaeT 

pa6oTy, to pe3yjibTaT ero paSoTbi jie>KHT b Sb, m mm MOJKeM bkjhohhtb ero b nepenHCJie- 
Hne. OnHcaHHbiH ajiropHTM TpeSyeT 30hm p + \ogp jj;jih MOJxejinpoBaHHH pa6oTbi ip, 30hm 
p jo;jih KOHTpojia 3an;HKJiHBaHHH h 30Hbi 0(n) jj;jih nepeSopa H xpaHeHHH npOMe>KyTOHHbIX 
pe3yjibTaTOB, Bcero 2p + logp + 0{n). 

ripn HeH3BecTHOM 3apaHee p npnMeHHM tot >Ke npnTM, hto h b npeJXMJxymeH JieMMe: 
SyijeM 3anycKaTb onncaHHbiH ajiropHTM jjjia orpaHHHemiH Ha 30Hy q = 1, 2, 3 . . . h nenaTaTb 
cjiOBa H3 Sb, KaK tojibko ohh nojiyneHM BnepBbie. □ 

Cjie^CTBHe 8.13. IIoaochcum S B — Sb u S B — Bad(S B ~ l ) npu % ^ 1. Tosda npu ecex i 
MHOCHcecmeo S B nepenucAUMO Ha 3one 2p + poly (logp, n). 

JJoKasameAtcmeo. DiocKOJibKy Ha Ka^flOM 3Tane S B yMeHbinaeTca xoth 6bi b n 3 /2 pa3, to 
npn i > k/2\ogn Bee 5*^ nycTbi h, cjie^OBaTejibHO, nepeHHCJiHMbi. ^jih MeHbinnx i yTBep- 
5KJj;eHHe BbinojiHeHO no HHJj;yKH;HH b CHJiy npeflbiflymHX flByx JieMM. □ 

Tenepb jj;oKa»ceM caMy TeopeMy. 

fioKaaameAbcmeo meopeMu \8.1(A ElycTb A xoponiee, t. e. A G Sb \ Bad(Ss)- Tor^a y A 
ecTb xoponiHH coce^; cnpaBa, kotopmh mm h bosbmhm b KanecTBe X. Ecjih A njioxoe, to 
nocTpoHM hobmh SKCTpaKTop Ek jj;jih k = C co,p (A\B) — 21ogn. Ecjih A xoponiee b hobom 
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SKCTpaKTope fljifl MHO>KecTBa S B = Bad(SB), to y Hero ecTb xopoiiraii coce,zi, bosbmhm ero 
b KanecTBe X, HHane npHMeHHM Ty me npon,e^ypy enr^, pa3, h Tax ^ajiee, noxa He npn^M 
k cjiynaio k < 21ogn, Kor^a njioxnx He ocTaHeTca. 

IlpoBepHM, mto ycjiOBHa TeopeMbi BbinojiHeHbi. ,Hjia nojiyaeHna X npn H3BecTHOM A 
flocTaTOHHO 3HaTb HOMep STana, Ha KoropoM A 6yn;eT xoponiHM, n, k, h HOMep X cpe^n 
coce^eii A b SKCTpaKTope Ha 3tom 3Tane, Bcero d+ 0(\ogn) 6htob. IlocKOJibKy SKCTpaKTop 
BbiHHCJiHM Ha nojiHHOMHajibHOH 30He, X TaKace nojiynaeTca Ha nojiHHOMHajibHOH 30He. fljia 
nojiyneHHH A npn H3BecTHbix B h X ^ocTaTOHHO 3HaTb HOMep 3Tana i, n, k, h HOMep A 
cpe^n coceflefi X b MHO»cecTBe S B , Bcero d + O(logn) 6htob. IlocKOJibKy S l B nepeancjiHMO 
Ha 30He 2p + poly (log p, n), to h mhojk6ctbo jie^Kaninx b hhm coce^efi X nepeaHCJiHMO, 
npnaaM Ha TaKofi ace 30He: yBejinaeHne cocTaBHT poly(n) 3a caaT HeoSxoflHMOCTH BbiancjiaTb 
SKCTpaKTop h xpaHHTb npoMeatyTOHHbie pe3yjibTaTbi. TaKHM oSpasoM, C°°' poly ^{X\A) ^ 
d + O(logn) h 

^oo^p+poMiog^n)^!^^ X) ^d + O(logra), hto h T P e6oBajiocb. □ 
8.5. TeopeMa MyHHHKa ^jia cjio^chocth c orpaHHHemieM Ha BpeMa 

IlonbiTKa pacnpocTpaHHTb flOKa3aTejibCTBO TeopeMbi MyaHHKa Ha cjio>KHOCTb c nojiHHO- 
MnajibHbiM orpaHHHeHHeM Ha BpeMa HaTajiKHBaeTca Ha cepba,3Hbie TpyariocTH: coBepnieHHO 
HenoHHTHO, Kax mojkho HaxoflHTb njioxHe cjiOBa 3a nojiHHOMHajibHoe BpeMa. O^HaKO, ,a,pyraa 
TexHHKa, onncaHHaa b CTaTbe [3], no3BOJiaeT apKa3aTb TaKyio Teopeiviy: 

TeopeMa 8.14. JJaa. gchkozo noAUHOMa p Handymen hoauhom q, maKou nmo 3ah npou3- 
eoAbuux CAoe A u B dAunu He 6oAee n, manux umo C P (A\B) ^ k, Haudv ) mcA caobo X dAU- 
hu He 6oAee k + 0(\og 3 n), manoe nmo C q (X\A) ^ 0(log 3 n) u CAM q (A\B, X) ^ O(logn). 

JJoKa3ameAbcmeo. ^OKa3aTejibCTBO onnpaeTca He Ha npoH3BOJibHbiH SKCTpaKTop, a Ha koh- 
CTpyKHiiio TpeBHcaHa h b hojiom cjieayeT ^OKa3aTejibCTBy TeopeMbi 3 paSoTbi [3]. 

Ilo jieMMe HO cyniecTByeT cjiaSbiii (/, l)-flH3anH fljia d = 0(l 2 logm) = 0(log 3 n). Pac- 
cmotphm (pyHKHiiio TpeBHcaHa TRs t %: {0, l} m x {0, l} d — > {0, l} m ,a,jia Taxoro ^H3aHHa, 
m = k + d+l^n 5 = l/8m. OaeBH,irHO, o6pa3 MHoacecTBa Sb = {u £ {0, 1}™ | C p (u\B) ^ k} 
3aHHMaeT He Sojibine nojiOBHHbi {0, l} m . 06o3HaaHM aepe3 B npe^HKaT «6biTb b o6pa3e Sb»- 
OaeBH^HO, fljia jno6oro u G Sb HMeeM Pr [B(TRs t i(u, Ud)) = 1] — Pr [B(U m ) = 1] ^ 1/2, 
nocKOJibKy nepBaa BepoaTHOCTb paBHa 1, a BTopaa He Sojibnie 1/2. PacnnnieM bto Sojiee 
noflpoSHO, o6o3HaHHB nepe3 u o6pa3 u nofl ^eiicTBHeM KO^a, ncnpaBjiaiomero oihhSkh: 

Pr, [B(u(y\ Sl )u(y\s 2 ) ■ ■ ■ u(y\sj) = 1] - Pr ril ...,, ra [B(nr 2 . . . r m ) = 1] ^ 1/2, 
r^e Si, ... , S m — Hcnojib3yeMbiii ^H3aHH. OneBH^HO, ^Jia HeKOToporo i Sy^eT BbinojiHeHO 

Pr y ,r i+1 ,...,r m [B(u(y\ Sl ) ■ ■ ■ uiy^Auiyls^i+i . . . r m ) = l] - 

-P%6,r i+1 ,...,r m [B{u{y\ Sl )...u{y\ Si _ 1 )br i+x ...r m ) = l] > l/2m. 

3 <l>aKTHHecKH 3to ypaBHeHHe Ha m, HMeromee penieHne m = k + (9(log 3 n). 
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Bojiee Toro, mm mojkgm cpHKcnpoBaTb HeKOTopuM o6pa30M 6htm y BHe Si, hto6m coxpaHHTb 
3to cooTHonieHiie. 06o3HanHM y\s i nepe3 x, Tor^a Bee u(y\s) 3aBncaT tojibko ot \Sj H Si\ 
oSihhx c x 6htob. TaKHM o6pa30M, udflsj) ecTb HeKOTopaa (pyHKinia iij(x), onpe^ejiaeMaa 
2\ s j nS i\ 6nTaMii. Bee (pyHKiniH ui(x), . . . , iii-i(x) mojkho 3a^aTb X)j<i 2' Sj ' nSi ' OHTaMH, hto 
no onpe^ejieHHio cjiaSoro ,o,H3aHHa He npeBoexo^HT to. 3th 6htbi, BMHHCJieHHbie ^Jia u = A, 
mm h bo3bmh,m b KanecTBe X. OneBH^HO, npn H3BecTHOM A HaM ^ocTaTOHHO 3HaTb to, y 

(BHe Si) H 1, HT06bI HX BMHHCJIHTb. Bee BMHHCJieHHa SyflyT nOJIHHOMHajIbHblMH, nOSTOMy 

C«(X\A) < 0(log 3 n). 

OcTajiocb noKa3aTb, hto npn H3BecTHbix B ti X HaM ^ocTaTOHHO HeSojibinoH flonojiHH- 
TejibHoii HH(popMan,HH, hto6m nojiHHOMHajibHO BbinncjiHTb A npoTOKOJiOM AM. KaK mm y>Ke 
ycTaHOBHjiH, HMeeT MecTO HepaBeHCTBO 

Pr *e{o,i} , ) 6,re{o ) i} m - < i B (M x ) ■ ■ -Ui-i(x)u(x)r) = 1] - 

- Fr xe{o,i}\b,re{o,i} m - 1 [B(u 1 ( x )---u i -i(x)br) = 1] > 1/2to. (7) 

06o3HanHM Ui(x) . . . iii-i(x)br nepe3 F(x, b, r). IIojiojkhm g b {x, r) paBHbiM b, ecjin B(F(x, b, 
1 , h paBHbiM 1 — b b npoTHBHOM cjiynae. IIoKajKeM, hto Pr Xtb:1 .[u(x) — g b (x, r)] ^ 1/2+1/2to: 

Pr X) 6, r [u(ar) = 5 6 (x, r)] = Pr X)6jr r) = u(a;)|6 = u(x)] Pr^j,,,. [6 = u(x)] + 

+ Pr^.b.r [9b(x, r) = u(x)\b ^ u(x)] Pr x , b , r [b ^ u(x)] = 

= l - Pi xAr [B{F{x, b, r)) = l\b = u(x)\ + l - Pr x , 6 , r [B{F(x, b, r)) = 0\b ^ u(x)\ = 
= \ + \ (Pr x , b ,r [B(F(x, b, r)) = l\b = u(x)} - Pr x , b , r [B(F(x, b, r)) = l\b ^ u(x)}) = 
= \ + \ (Pr,,, [B(F(x, u(x), r)) = 1] - Pr,,, [B(F(x, 1 - u(x))) = 1]) = 

= X - + Pr x , b , r [B(F(x, u(x), r)) = 1] - Pr x>6 , r [B(F(x, b, r)) = 1] > l - + 
Mojkho nojio>KHTb b paBHbiM HeKOTopoMy b\ G {0, 1} TaKHM o6pa30M, hto6m coxpaHHTb 

3TO COOTHOHieHHe. BhT b\ MffiKHO BKJIIOHHTb B OnHCaHHe U npH H3BeCTHbIX B H X. Be3 

orpaHH^eHHa oSihhocth mojkho CHHTaTb, hto b\ — 1, nosTOMy mm onycTHM stot HH^eKC b 
^ajibHeHHiHx paccyjK^eHHax. BiOKajKeM, KaK mojkho (npH6jiH3HTejibHo) BbinncjiHTb g(x, r) 
npoTOKOJiOM ApTypa-MepjiHHa. 

ECJIH 6bl Mbl 3HajIH, KaK MOJKHO (pHKCHpOBaTb 6hTM r, HToSbl COXpaHHTb COOTHOHieHHe 

Pr^ [u(x) = g(x, r)] ^ \ + ~^i T0 MbI Morjin 6bi HaHTH u HefleTepMHHHpoBaHHbiM npoTOKOJiOM 
6e3 BcaKoii cjiynaHHOCTH. ^eiicTBHTejibHO, mm MOJKeM BbinncjiHTb g(x, r) HefleTepMHHHpo- 
BaHHMM npoTOKOJiOM h nojiy^HTb fljia Bcex x CTpoHKy v, coBnaflaiomyio c u He MeHbnie neM 
Ha flojie | + ^ ot Bcex 6htob. He^eTepMHHHpoBaHHOCTb Hy>KHa, hto6m BbinncjiaTb B: b 
KanecTBe cepTH(pHKaTa Toro, hto B(Y) = 1, moxho npe^T.aBHTb onncaHHe npoo6pa3a, Jie- 
>Kaiu,ero b Sb, h HOMep pe6pa, Be^,yiu,ero H3 SToro npoo6pa3a b Y . IIocKOJibKy 3anpocbi k B 
Hea^anTHBHbie, mm MOJKeM b caMOM Hanajie yKa3aTb hhcjio a nojiojKHTejibHbix OTBeTOB Ha 
3anpocbi, Tor^a Haxo>KfleHHe a nojio>KHTejibHbix OTBeTOB rapaHTHpyeT, hto Bee ocTajibHbie 
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OTpiin,aTejibHbie. K ccoKajieHiiio, mm He 3HaeM, KaK (pHKcnpoBaTb r, h noTOMy 6yneM bbi6h- 
paTb hx cjiynaHHbiMH. IloKa>KeM, hto b 3tom cjiynae mojkho BOcnojib30BaTbca aHajiorHHHbiM 
paccy>K^eHHeM . 

CKajKeM, hto r ^a^T a-npnSjiHJKeHHe k u, ecjin Pr x [g(x, r) = u(x)] ^ a. Eyn;eM otojk- 
^ecTBJiaTb g(x, r) co CTpoKofl z r , b KOTopofi 6ht HOMep x paBeH b\ = 1 Tor^a h tojibko 
Tor^a, Kor^a g(x, r) = 1. KojinnecTBO e^HHHn, b CTpoxe z r (t. e. Bee, w(z r )) coBna^aeT c 
KOJiH^ecTBOM cjiob x, fljiii KOTopbix B(u\(x) . . . Ui-\(x)lr) = 1. 

HanH^M onHCMBaTb npoTOKOJi: BHanajie ApTyp BbiSnpaeT cjiyiaftHbie ctpokh ri, . . . ,r s 
^jihhm m — i fljia HeKOToporo nojiHHOMa s = s(n). Bkjiiohhm b oniicaHiie cpe^Hee hhcjio 
a = 2 m ~ % r g(%, r ) nojio>KHTejibHbix 3HaneHHH B cpe^n Bcex r. ByneM TpeSoBaTb, hto6h 
peajibHoe hhcjio nojiojKHTejibHbix 3HaneHHH B Smjio 6jih3ko k ero ojKH^aHHio sa. EIoKajKeM, 

HTO BepOaTHOCTb BTOrO BejIHKa. 

yTBep^^eHne 8.15. JJam ak>6ozo 7 = j(n, m) > Handymen s = 0(n 2 /'-f 2 ), maKou nmo 
c eepoHmHocmhK) ne Menbiue 3/4 (no eu6opy r±, . . . ,r s ) eunoAHenu dea ycAoeun: 



1. floAH l/8m om r 1; . . . , r s da^m + j-)-npu6. 



'Aucucenue k u. 



2. 06inee hucao noAootcumeAbHux 3HaueHuu B na cmpoKax r 1; . . . , r s Aecncum e npedeAax 
7s om ocHcudaHUA: 



W[Zi 



•s<7 



^ 7S. 



JJoKa3ameAbcmeo. OiieHHM CBepxy BepoaTHOCTb Toro, hto o,hho h3 sthx ycjiOBHH He Bbinoji- 
HfleTCfl. 3aMeTHM, hto ecjin rjih HeKOToporo r 



Pr,,,, [B(F(x, u{x), r)) = 1] - Pi X)b [B{F{x, b, r)) = 1] > 



4m' 



to r ^uaHT (| + ^)-npn6jiH>KeHHe k u. Ha30BHM r njioxHM, ecjin oho He flaHT (~ + ^)-npn- 
6jiH>KeHHH k u. H3 ypaBHeHHa (J7]) h HepaBeHCTBa MapKOBa cjie^yeT, hto 



Pr r [r njioxoe] ^ 



1 - l/2m 



< 1 



1 

4m 



1 - l/4m 

CoraacHO HepaBeHCTBy HepHOBa, fljia HeKOTopofi KOHCTaHTbi C\ > BbinojiHeHO 

1 



Pr 



ri,...,r B 



njioxHx 6ojibHie, HeM (1 



5m 



^ exp(— c\s/m ). 



^jih BToporo ycjiOBHH, TaKJKe no HepaBeHCTBy MepHOBa nojiynaeivi ^jih HeKOTopofi KOHCTaH- 

Tbl c 2 



Pr 



3=1 



>1 



^ 2exp(— c 2 7 s/n). 



B3aB s = c^n 2 /7 2 fljia ^ocTaTOHHO Sojibhioh KOHCTaHTbi c 3 , nojiynaeM BepxHioio on;eHKy 1/8 
b KajK^OM cjiynae, OTKy^a cjie^yeT ncxo^Hoe yTBepjK^eHHe. □ 
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Ilocjie Bbi6opa cjiob ri, . . . ,r s ApTyp npocHT y Mepjirma sa — 57 cepracpHKaTOB npn- 

Ha^Jie>KHOCTH pa3JIHHHbIX CJIOB K B H npOBepaeT HX. ECJIH XOTb OflHH H3 HHX JIOJKHblH, 

to Bbi^HCJieHHa 3aKaHHHBaiOTca 6e3 B03Bpain,eHHa OTBGTa. HHane ApTyp BbiHHCJiaeT CTpo- 
kh z' n , . . . , z' Ta , r/ie x-bifl 6ht ctpokh z' r paBeH 1 Toriia h tojibko Tor/ia, Korija MepjiHH 
npeflocTaBHJi cepTH(pHKaT toto, hto B(F(x, 1, rj)) = 1. IIoKaaceM, hto c bmcokoh BepoaT- 

HOCTbK) BHe 3aBHCHMOCTH OT npe^OCTaBJieHHblX MepjIHHOM CepTHCpHKaTOB flOJIH CTpOK 

z' ri , . . . , z' rg flaT,T (| + g^)-npn6jnoKeHHe k u. 

yTBepxc^eHHe 8.16. Ecjiu ri, . . . , r s ydoejiemeopHtom ycAoeuHM npedudymeso ymeepotcde- 
hum 3am 7 = n/256m 2 , mo ene 3aeucuM0cmu om npedocmaejieuHux MepAUHOM ceprnudiu- 
Kamoe 3oam cmpoK z! , . . . , z' Ta da^m (| + -npu6AuofceHue k u. 

JJoKa3ameAbcmeo. Ho npejinojioxceHHio, hhcjio nojio>KHTejibHbix 3HaneHHH B jijih ri, . . . ,r s 
jie>KHT Me>K^y sa — 37 h sa + 57, npn 3tom sa — 57 H3 hhx hsbgcthbi ApTypy. IIocKOJibKy 
ApTyp npoBepnji nepe/iaHHbie cepTiicpiiKaTbi, to b Tex no3HHHHx, r/ie b z' r . ctoht 1, b z rj 
TOJKe ctoht 1. OSinee KOJinnecTBO pa3JiHHHH z' r . ot z r . He npeBoexoflHT 2^7, nosTOMy hhcjio 
TaKHx 77, r^e ctpokh pa3JiHaaiOTCfl b t SHTax, He 6ojibnie 2sj/t. 

Ho npeflnojioJKeHHio, ^ojia l/8m ctpok z rj fla^T (§ + ^)-npH6jiH>KeHHe k u. IIojiokhb 
t = n/8m h 7 = n/256m 2 , nojiynnM, hto no KpanHeii Mepe ^ojih §~ — 7P" = ctpok z' r , 
coBna^aiOT c u He MeHbHie neM Ha jj,ojie | + j— — Shtob. □ 

Coe^HHHB 3th yTBep>KfleHHa jijih ^ocTaTOHHO SojibHioro nojiHHOMa s, HanpHMep, s = 
o;(m 4 ), nojiynaeM, hto c BepoHTHOCTbio no KpanHeii Mepe 3/4 no MeHbnien Mepe jj,ojih 
ctpok ri, . . . , r s fW\T (| + g^-)-npn6jiH>KeHHe k u. BcHKoe KOHKpeTHoe rj JJ,aHT (| + g^-)-npn- 
6jiH>KeHHe jiniHb jjjih Tex ko^obbix cjiob, KOTopbie coBnajjaiOT c z r . no KpaimeH Mepe Ha Jiojie 
\ + 8m n03i m™- Ilo CBOHCTBy KO/ia TaKHx cjiob He 6ojibHie HeKOToporo nojiHHOMa q(m). 

Ha30Bi,M v KaHflHflaTOM (-0 G Cand), ecjin He MeHbHie jjojih l/32m ot Bcex r G {0, l} m * 
jj,aiOT (| + g^-)-npH6jiH>KeHHe ^jih v. Bcero KaHjj,njjaTOB He Sojibine, neM 32mg, nocKOJib- 
Ky hhcjio pH;6ep, coeio;HHHiOHi;Hx KaHflHijaTbi h tj, He Sojibnie 2 m ~ t q h He MeHbHie \Cand\ ■ 
2 m ~ l /32m. Ho TeopeMe 18.31 cymecTByeT nporpaMMa pi jjjihhm He 6ojibnie 21og(32mg) = 
O(logn), npHHHMaiomafl u h OTBepraiomaa ece ocTajibHbie KaHjj,Hjj,aTbi v. 

IloCTpOHM CnHCOK BCeX KOJJ,OBbIX CJIOB V, COBna^aiOmHX C OJJ,HHM H3 z' r , . . . , z' rs XOT3 6bl 

Ha Jiojie I + g~ ot Bcex no3HHHH. 3aTeM yjj,ajiHM Bee cjiOBa, BCTpeTHBHineca MeHbHie s/16m 
pa3. C BepoHTHOCTbio, npeBOCxoijHHi;eH 2/3, u ocTajiocb b cnncKe, h Bee ocTaBHineca b cnncKe 
cjiOBa hbjihiotch KaHjj;Hjj;aTaMH. B TaKOM cjiynae H3 Bcex ocTaBHinxca sjieMeHTOB cnncKa p\ 
npHMeT u h tojibko ero. riocKOJibKy cnncoK nojiyneH 3a nojiHHOMHajibHoe BpeMH, HaM He 
HyjKHO o6pamaTbCJi k opaKyjiy. 

TaKHM o6pa30M, mm nojiynnjiH u, 3Haa ui, . . . , h cjieflyiomyio jj,onojiHHTejibHyio 
HH(popMan;Hio: HOMep HH,u;eKca i, 6ht 61, cpeia;Hee hhcjio a nojiojKHTejibHbix 3HaneHHH B h 
pa3JiHHaiOHi;yio nporpaMMy p\. SaMeTHM, hto HaM ia;ocTaTOHHO 3HaTb npH6jiH>KeHHe k a, 
3ajj;aHHoe O(logn) 6nTaMH (TaK htoSm SbiJia onpeio;ejieHa n;ejiaH nacTb sa), nosTOMy bch 
jj,onojiHHTejiBHa5i HHcpopMaipiH 3aHHMaeT 0(\ogn) 6htob. □ 
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3a,MeuaHue. TeopeMa Sbijia ccbopMyjinpoBaHa ,o,jiHHbi X, He npeBocxo^flmen A;+0(log 3 n) 
h cjio>khocth CAM q (A\B, X) ^ 0(\ogn). Pa3yMeeTCfl, mojkho «nepeKHHyTb» jiniiiHne 6htm 
h3 X b nporpaMMy ajiropHTMa AM h nojiynHTb TeopeMy ^jia X ^jihhbi k h CAM q (A\B, X) ^ 
0(log 3 n). 

8.6. IIpeflMeT /jajibHeHiiiHx Hccjie,a,OBaHHH 

OCHOBHBIM BOnpOCOM TeOpHH 3KCTpaKTOpOM OCTa^TCfl nOCTpoeHHe nOJIHHOMIiajIbHO Bbl- 

HHCJiHMoro onTHMajibHoro SKCTpaKTopa. Ero penieHne no3BOJiHT (iiomhmo nponnx 3aMena- 
TejibHbix npHJiojKeHHii) nojiyHHTb scbcbeKTHBHbiii BapiiaHT TeopeMbi MynHHKa c hcxo^hoh 
TOHHOCTbio. Bojiee cjiaSoft 3a^aneH hbjihctch nocTpoemie onTHMajibHoro SKCTpaKropa, bh- 
HHCJiHMoro Ha nojiHHOMHajibHoii 30He. HacKOJibKO H3BecTHO aBTopy, 3Ta 3a^,ana He penieHa h 
^a>Ke He Hccjie^OBajiacb. IIocKOJibKy b ^OKa3aTejibCTBe TeopeMbi MyuHHKa Hcnojib30Bajiocb 
He cbohctbo SKCTpaKropa, a HeKOTopoe ero cjie^CTBHe, bo3mo>kho, ecTb cnoco6 nocTpoHTb 
«nceBfl03KCTpaKTopbi» c onTHMajibHbiMH napaivieTpaMH, ^Jia kotopmx BbinojiHeHO bto cjie,n- 
CTBne, ho He ocHOBHoe cbohctbo. TaKJKe ocTa^Tca Bonpoc, BepHa jih Teopeivia MyuHHKa ^jih 
nojiHHOMHajibHoro orpaHHHemiH Ha BpeMfl b cbopMyjinpoBKax, otjihhhbix ot TeopeMbi 18.141 

9. Bjiaro^apHOCTH 

Abtop Sjiaro^apeH A. E. PoMameHKO h A. UJeHio 3a nocTaHOBKy 3aflanH, njio^OTBopHoe 
o6cy>K^i,eHHe h KOHCTpyKTHBHyio KpHTHKy, a TaKJKe A. K). PyMHHirBy 3a o6cy>KfleHHe pe- 
3yjibTaTa fljia cjiojkhocth c orpaHHHemieM Ha naMHTb. KpoMe Toro, aBTop 6jiaroflapeH opr- 
KOMHTeTy TypHHpa TopoflOB h jihhho C. A. ,HopHueHKO 3a BKjnoneHHe b cocTaB BapnaHTa 
oceHHero Typa 2005 ro^a 3a,n;aHH, cocTaBJieHHoii no MOTHBaM yTBepjK^eHHH 12.11 
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